maea 16. OOpaboTka gaHHbIX

Ecmu BB y‘«IeHbeI, WHKEHED NN CTYJIEHT TEXHUYECKOTO By3a, TO BaM, HECOMHEHHO, ITPUXO0-
JINTCST CTAJIKMBATHCST € PA3IUYHBIMU 3a/[a9aMH, CBSI3aHHBIMU ¢ 00pabOTKOIT SKCIIEPUMEH-
TaJbHBIX JaHHBIX. VI, HaBepHOE, BbI He GyjleTe CIIOPUTD € TEM, YTO PACYET PErPECCUU WU TEM
naye Dypbe-11peodpazoBaHust — 3TO JIOBOJBHO HEIIPOCTAs 33/[a4a, [axe P PEIIeHUN ee
B OJ[HOU M3 CHCTEM IIPOTPAMMUPOBAHUsI (4TO YK TOBOPUTH O MPOBEIEHUH MOACYeTa Ha Oy-
mare). Ecsiit y Bac ecTb ot 00pabOTKY TaHHBIX TAKMME TPAJAUIIMOHHBIMU ITyTSIMU, TO BbI
Gy/iere TIPUSTHO YAUBIIEHBI N MOPAXKEHBI, HACKOJIBKO MPOIIEe 1 ObicTpee (1 Yalle BCero — Ka-
uecTBEHHee) MOKHO BBITIOJHUTD 9Ty pabory B Mathcad. Bee meso B Tom, uto cpesut BCTpo-
E€HHBIX (DYHKIIMIT IIPOrpaMMBbI BeCbMa 3aMETHYIO YacTh 3aHNMAIOT (PYHKIIUU, PeATU3yIOIine
OCHOBHbIE€ U3 PACHIPOCTPAHEHHBIX B HAYKE€ U TEXHUKE aJITOPUTMOB. " JJIs1 TOrO, I{TO6bI, Ha-
[IpUMep, TIOCTPOUTH KPUBYIO MOKA3aTeIbHOI PErPECCUE [T HEKOTOPOIT BBIGOPKI, BaM CO-
BCEM He HY’KHO IIOMHHTH CJIOXKHBIE U TPOMO3JKHE METO/IbI, BPOJIe METO/Ia HAMOOJIBIIETO
HpaB,/IOHOI.[O6I/I$[ NI aJITOPUTMA HAMMEHBIITNX KBaJPaTOB. Bam AOCTAaTOYHO IIPOCTO BBECTHU
B Mapkep rpaduueckoil obuactu expfit(xy,t) — u cucrema, npocuurtas Haubosiee yaautbie
apamerpbl IPUOIMAKEHUS, TOCTPOUT MAKCUMAJIBHO KOPPEKTHYIO ISl BAIIUX JAHHBIX KPU-
ByIo. Bee ocranbhbie Tumib 06paboTku aHHbix peasnudyiorcs B Mathcad crosb ke mpocro.

B saBucuMocTH OT CHeI(UKN PelaeMbIX 3a/1a4, BCE BCTPOEHHbIE (DYHKITN 00pabOTKH JTaH-
HBIX MOKHO Pa3/IeNTh Ha HECKOIHKO GOJIBIINX TPYIITL

Q Oyuxiun unreprossinud. COeAUHSIIOT TOYKH SKCIEPUMEHTABHBIX JTAHHBIX KPUBBIMU
pasHoll cTereHu ryakocT. Kpome Toro, CyliecTByeT 1 MHOTOMEPHAs MHTEPIIOJSIIN
(IpaKTUYECKH BasKHBIM SIBJISIETCS TIPUOJVKEHUE JaHHBIX HEKOTOPOIi MOBEPXHOCTHIO).

a CDyHKHI/II/I perpeccumn. Pemaror 3a/lavdy ompejiesieHrA BU/ia 3aBUCUMOCTH I10 9KCIIEPUMEH-
TAaJIbHBIM JAaHHBIM C YUYETOM IOTPETITHOCTU.

O ODyHKIUKM KOPPeJIsIinm.

Q Oyukimu Guabrpannu. [IpeaHasHaveHbl st TPUOIMKEHUS SKCIIEPUMEHTAIbHO 3aB1-
CUMOCTH TIPU HAJIMYUU HEKOTOPOIA IITyMOBOI KOMITOHEHTBHI.

Q @OywukIMKr WHTETPATbLHBIX TpeobpazoBannii (Dypbe u BOMHOBOTO). VITpatoT orpoMHYIO
POJIb B PAJIMOTEXHUKE.

YT06bI HE GBITH TOJOCTOBHBIMU, IPUBEIEM TIPUMEP PA3INYHBIX THIIOB 00PabOTKN JaHHBIX
M0 OTHOIIEHUIO K CTeHEPUPOBAHHON C MOMOIIBI0 (DYHKIINU CJIyYaifHOrO PaBHOMEPHO pac-
nipeziesieHHOTO yncia rnd(X) mceBIoaKCIepUMeHTATbHOM TnHeltHO 3aBucuMocTH. OteHn-
Te, HaCKOMIBbKO Tpocto B Mathcad permatorest Takue Tpyanbie, B 00111eM, 3a1a4n, KaK HHTEP-
TOTMPOBAHUE CTJIATHAMU WJIN CTJIQ’KUBAHUE.



Mpumep 16.1. Tunbl 06pPadOTKM AAHHbIX
BHZLaHI/Ie HCGBZ[OSKCHepI/IMeHTa]IbHOﬁ 3aBUCUMOCTU:
i:=0..16
Xi1=0.25-i Y :=2-xi+ 2 + md(3)
VHTeprosmpoBate KyGuIeckuM CIiiaiiHoM:
s :=cspline(x,y)
sp_line(z) := interp(s,X,y,2)
Boruncsienne smueiiHol perpeccnn:
) 3.021
reg :=line(x,y) reg = 5041
reg_line(2) := reg,-z+ reg,
Ornipe/iesienyie JIMHEHHON KOPPEJISIUHI JIaHHBIX:
corr(x,y) = 94.536%
CriaxknBanmne JaHHBIX C ITOMOIIBIO aJIalITUBHOI'O aJITOPpUTMa:
h :=supsmooth(x,y) sm_line(z) := interp(cspline(x, h),x, h,z)

Kpusble, I0CTPOEHHBIE HA OCHOBAHUK PA3JIMYHbBIX BUAOB 0OPaOOTKU JaHHbIX, PEICTaBIIe-
Hol Ha puc. 16.1.
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Puc. 16.1. KpuBble, NOCTPOEHHbIE HA OCHOBAHWUM Pa3HbIX BUAOB 06paboTKM AaHHbIX

I[IpuBeznennbie TpuMepbl 00PabOTKK JAHHBIX OTHIOABL HE MCUEPIBIBAIOT BosMoxkHocTn Mathcad
B fanHoi obmactu. IToapoOHOMY ke NX OCBEIeHHIO 1 OyIeT MOCBSIIeHa 9Ta IJIaBa.

16.1. UHTepnonauua

Ha ITPAKTHUKE 9aCTO BO3BHUKAET CUTYallusd, KOr'la U3BECTEH P 3HAYEeHUI (byHKHI/II/I, OJlHa-
KO omnucaTb JaHHYIO (l)yHKL[I/IIO AHAJIMTUYECKUM BbIpaKEHNEM HEBO3MOJKHO. K ImpnuMmepy,
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0CTIeI0BATEILHOCTD 3HAYEHMIT MOKeT OBITh MOJTyYeHa B Pe3y IbTaTe N3MEPeHHs] KaKOTr0O-TO
CJI0KHOTO (PU3MUECKOTO I TEXHITYECKOTO SIBJIEHNS, (POPMYJT /IS KOTOPOTO He CYIIECTBYET.
YTo6Bl pe3yIbTaT SKCIepHMeHTa MOKHO OLITO aHATM3MPOBATD, Yepe3 MMeIOIInecs: TOUKM
HY’KHO TTIPOBECTH MaKCUMA/IbHO COOTBETCTBYIONIYIO UM KPUBYIO. IIpH 3TOM cTaHeT BO3MOXK-
HbBIM HpeI[CKHBaHI/Ie 3HAaYE€eHUA q)yHKHI/H/I B HpOMe>I<yT0‘{HI)IX TOYKax, B KOTOprX I/I3MepeHI/I${
He TIPOBO/IIINCH, MOKHO Oy/1eT anddepeHInpoBaTh 1 MHTETPUPOBATH SKCIIEPUMEHTATbHYO
3aBHCUMOCTb... B of11em, ¢ aMmmpuyeckoii pyHKImeit MokHO GyaeT paboTaTh TOUHO TaK ke,
KaK ¢ 3aaHHOIl aHamuTIdecki. Ho Kak ke TTPOBECTH Yepe3 TOYKH «IIPABH/ILHYIO> KPHBYIO?
JlarHas rpobireMa MosKeT GBITh pellleHa ¢ TIOMOIIIBIO a/ITOPHTMOB HHTeprossmi. B Mathcad
HMeeTCsl HEeCKOMbKO (DYHKIIMH HHTEPIIOJIAIAH, TTO3BOJIIONIIX COSNHUTE TOUKH 9KCIIEPH-
MEHTAJIbHBIX JIAHHBIX KPUBBIME Pa3JIMYHON cTerenu riragroctu. Kpome Toro, cyiiecTByer
BO3MOKHOCTD M TpexmMepHoi nHteprossiinin. Q60 BeexX MOTEHIUAMbHBIX CIOCO0aX Coeu-
HUTb 9KCIIEPUMEHTAIbHBIE TOYKU HEIIPEPLIBHOI KPHBOIL MBI U ITOTOBOPHUM B 3TOM PasjieJie.
TaxsKe MBI TTIPOIEMOHCTPUPYEM, KaK MOKHO OTIEPHPOBATD IOTYYeHHOI B Pe3yIbTaTe HHTEP-
HOJIAIIHN QYHKIHEH.

16.1.1. JIuHeHaa nHTepnonsauus

CaMbIM TIPOCTBIM BUAOM MHTEPIIOJIAINN, 3aKTIOYAIONUMCA B IOTIAaPHOM COEIMHEHNHN TOYEK
OTPE3KaMU IIPAMbBIX, ABJIAECTCA JTUHeNHas NHTEPHOJIALINA.

B Mathcad s 3ajanust 1oMaHoi JIMHEHHON UHTEPIIOJSAIUE CYLHIECTBYET CleIUaNbHAS
BcTpoeHHast GyHKus linterp(x,y,z), T/1e X — NMs1 BEKTOpa KOOPANHAT HKCIIEPUMEHTAIbHBIX
JIAHHBIX TI0 OCH abCIINCC, Y — MM BEKTOPA 110 OCH OPJMHAT, Z — IIePeMeHHast, OT KOTOPOil
Gy/IeT 3aBHCETh MHTEPHONUPYIONast (DyHKIHSL.

Y1o6b! TOCTPOUTD TPADUK JTHHEHHON WHTEPIOSIINN, BBITOJIHUTE CIELYIONIYIO TTOCTe0Ba-
TeJBHOCTD JeHCTBUI.

1. 3ajaiiTe BEKTOpPbI AKCIIEPUMEHTAIBHBIX JIAHHBIX X 11 y. Ha nmpakTuke aTo genaercs, Kak
[IPaBUIIO, JINOO WX HEMOCPEICTBEHHBIM BHeCEHEM B TabJuIly BBOJIA, NGO YTEHHEM U3
Excel-mokymenTa nin TekctoBoro daiira. Mol ke, mpoBepsist 3 (HEKTUBHOCTH BCTPOEH-
HBIX anroputMoB Mathcad, Gyem co3maBath TCeBIOIKCTIEPIMEHTATBHBIE 3aBUCUMOCTH
¢ 3((eKTOM HMOTPenrHOCTH ¢ MOMOIIBIO OHOTO U3 TeHEPATOPOB CIydalHbIX ynces. Ha-
[IPUMED, 3aa/[UM JIMHEHHYIO 3aBUCUMOCTb ¢ HOPMAJIbHO PacipeieJIeHHON OIUOKOI:

err :=morm(10,0,0.1)
1:=0..9
X.:= 0.3 y. = (x + 3)6 + err.)
1 1 1 1
2. Ompenenmte HYHKITUIO JJOMAaHOW HA OCHOBAHUHN JTMHEWHOW WHTEPIOJAIINNT:

1 int(z):=linterp(x, y, z)
Nms mepeMeHHOI, OT KOTOPOIA TOJIKHA 3aBUCETD (DYHKITHS, MOXKHO 33/1aTh COBEPIIEHHO
MIPOU3BOJIBHBIM 00pazoM. J1Jist TOro ke, 4ToObI He CIIyTaTh epeMeHHY 0 (OyHKIHHA HHTep-

IOJIAINHN C UMEHAMHW BEKTOPOB 9KCIIEPUMEHTAJJbHBIX JaHHbIX, BO BCEX ITpUMEpPax JIAHHOI
TJIaBbI MbI 6yneM OIIPEAECJIATD €€ KaK «Z».

3. Buecute nMst QyHKIMYM UHTEPIOJSIINNA U TIEPEMEHHYIO B COOTBETCTBYIOIINE MapKEPHI
rpaduueckoit obmactu. Ecm BBl X0THTE, 4TOOBI TaKKe 0TOOPAKATNCH U TOYKH TaHHBIX,
TO MAPAJLIIEJIHHO MPEBIYIIEMY OTIPEEICHIIO TPOIUIINTE B MAPKEPaX U UMeHa COOTBET-
CTBYIOHIUX BeKTOPOB. Tuit rpacduka rpu aToM cieyer cMeHuTsb ¢ lines (JIuaun) va points
(Touxn).
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Pesgyzbrar omcanHoro MOCTpoeHus: pusezieH Ha puc. 16.2.

Puc. 16.2. JlnHeliHaa nHTepnonaums

Ecain Bl mornpobyeTe ocTpouTh rpaduK Ha OCHOBAHMK BAIINX 9KCIIEPUMEHTATILHbIX JaH-
HbIX 6e3 KaKoi-Tn00 NX MpeABapuTeTbHON 00pabOTKIL, TO OH TI0 BHJLY TOJHOCTBIO COBIAIET
¢ TeM, KOTOPBI ObL1 Obl BU3Ya/IM3UPOBaH, UCIIOIb3Yii Bbl (yHKmio linterp. Bosnukaer Bo-
IPOC: 3a4€eM TOor/[a BOOOIIe Hy KHa 9Ta (DYHKI[UA?

Bce J€JIO B TOM, 4YTO I10 CaMOMY CBOEMY OIIPpEJCJIEHNIO NHTEPIOJIAINA CIIYKUT A HpI/I6JII/I-
JKeHMA 3aKOHAa USMEHEHUA SMHHpH‘{eCKOfI 3aBUCUMOCTU MEX/Y N3BECTHBIMU 9KCIIEPUMEH-
TaJIbHBIMH TOUYKaMU. To ecThb ITpU €€ ITOMOIIH Bbl MOJKETE HE TOJIBKO COE/IMHUTD TOYKU JTaHHBIX
JIMHUAMU, HO U BBIYUCJIUTDH COOTBETCTBYIONINE 3HAUYEHN A, KOTOPbIE MOTYT MCIIOJJIb30BaTbhCA
JJIA TIpEeACKa3aHAd BEJIMYMHBI 3aBUCUMOCTH B T€X TOYKAX, B KOTOPBIX OHa HE ObLIa nsmepe-
Ha Ha OIIbITe.

A B 0011IeEM MOKHO yTBEPIK/IATh, YTO HUKAKUX PA3JINYMil IPK 3a7anny rpaduka JuHeHHON
MHTEPIOJISAIIMN 000UMHU 9TUMU crtocobamu He cyiiecTByeT. [IpocTo mpu IoCTpOoeHuH 10 He-
MHOTOUHNCJIEHHBIM TOUKaM KpuBoii B (hopmate lines (smumm) Mathcad ocymiectsister na-
TEPIOJISIINIO aBTOMAaTHYIECKH, B CKPBITON /I Bac (hopMe, a TIPU MCTIOTb30BAHNH (DYHKITIN
linterp BBI aKTUBHO y4acTByeTe B 3TOM IIpoLiecce.

[TpuHIUIIHATEHBIM MOMEHTOM TIPH 3a/laHKK JIIOO0N WHTEPIIOMUPYIONIEH KPUBOUN SBJISIETCSI
TO, UTO JJAHHBIE B BEKTOPE X JIOJKHBI GBITH PACCOPTHPOBAHBI B MOPSIIKE BO3pacTaHust. YTo-
OB TPOBECTH COPTUPOBKY TAKOTO POJIA, MOKHO MCITOMB30BATh CIENNATBHYI0 MATPUIHYIO
dynxkiio sort(x). Ho Hy:XHO y4ecTn, 9TO TOUYKN B BEKTOPE Y AOJKHBI COOTBETCTBOBATH TOY-
KaM B BekTOpe X. [loaTomy Bce Te ske mepecTaHOBKH, YTO OBIITA OCYTIIECTBIEHDI C AJIEMEHTA-
MU BEKTOPA X, JOJKHBI OBITh TIPOJIEJIaHbl U HAJl TOYKAMU BEKTOpa y. PermTh faHHyIo 11po-
6JIeMy HE TaK ysK ¥ CJIOXKHO, eCTU 06paTUThCS K BCTpoeHHOI (yHkimu match(z, A). lanHas
(hyHKIIUST OIIpe/iesisieT MHIEKCHI AJIEMEeHTa MATPHIIbI A, KOTOPBII nMeeT 3Hadenue z. Mcrnosb-
3y (hynkimio match, Mbl MO3KeM y3HATb, KAKOI MHACKC HOJIYYII 3IEMEHT X, 0CJIe COPTUPOBKHL.
Nmes Taxyto ungopmanmio, lepeMeraemM sJeMeHT y, Ha Ty JKe Mosuiuio (cM. mpumep 16.2).

Mpumep 16.2. CopTrPOBKa 3KCMEPUMEHTASIbHBIX AAHHBIX A1 GYHKLNIA
MHTepnonsauum

l'enepupyem 1ceBosKCIIEPUMEHTAILHYIO 3aBUCUMOCTD, B KOTOPOI JIaHHbIe He OPraHU30BaHbl UCXO/s
13 BO3pACTaHUA apryMeHTa.

i:=0..60
X = md(-20) + 10 y; = sm(xl)



590 = TInasa 16. O6paboTka JaHHbIX
CoprupyeM BEKTOp X:
X_sort :=sort(X)
COPTprCM BEKTOP Yy Tak, [{TO6[)I OH COOTBETCTBOBAJI OTCOPTUPOBAHHOMY BEKTODPY X:

matcher(x,x_sort,y) := | for i€ 0..last(x) y_sort :=matcher(x,x_sort,y)

ind < match X ,x_sort) o

y_sortin <~ Y;

d
y_sort

3aaeM MHTEPHOIUPYIONTYIO (DYHKITUIO ¥ BBIYHUCIISIEM €€ 3HAaYeHue B JIBYX MTPOMEKYTOUHBIX TOUKAX:
. — 4 T
sn(z) :=linterp(x_sort,y_sort,z) sn —n) =-6.696x10 sn E =0974

Ha IIPpaKTUKE MCIIOJIb30BaHHE JIMHEHOM MHTEPIIOJIAINHA 110 OYEBUIHBIM IIpUYMHAM BeCbMa
OI'PpaHHUY€HO. Fopa31[0 Goutblilee 3HAYEHNE UMEET HpI/I6JII/I>KeHI/Ie TJIaIKUMH ITOJIMHOMHWAJIbHBI-
MU CH]IaI‘/JIHaMI/I, O KOTOPOM MbI ITOTOBOPUM B CJECAYIOIIEM I10/Ipa3/ieJie.

16.1.2. UHTepnonaunsa Kkyonyeckumu cnianHamm

B ToM, 4TOOBI COEMHUTD IKCIIEPUMEHTAIbHBIE TOYKH OTPE3KaMU MPSMBIX, HET HUKaKOI
CTOKHOCTH: 3TO AIEMEHTAPHO MOJKHO C/IEIaTh, M He TIPHOerast K TTOMOIIN KOMITBIOTEPA, HC-
MOJIb3YsI TIPOCTYIO JIMHEHKy. [opasno 6osee HempocTas 3aiaya, TpeOYOIAs CIeMaTbHBIX
HaBBIKOB, CBsI3aHa C MPUOIMKEHNEM IAHHBIX C TIOMOIIBIO TJTaJKOH KPUBOI.

Koneuro, MoskHO orpoboBaTh mposectr depes3 N+1 Touky mosmHom N-ii crenern. TexHmdec-
KU 3TO OY€Hb ITPOCTO PEATM3YeTCs 3aMNChio cicTeMbl n3 N+1 JnHeitHOro ypaBHeHMs, KO3(d-
uImeHTaM KOTOPBIX SIBJISIIOTCSI COOTBETCTBYIOIINE CTEIIEHU X-KOOPIUHAT TOYEK JAHHBIX,
HEU3BECTHBIMU — KOA(h@UITMEHTHI MOJUHOMA, TPABBIMU YACTSIMU — y-KOOPAUHATHI. Takske
MOKHO MCII0/Ib30BaTh dhopmyJry Jlarpansxka unn Herorona., OnHako 1pu npubIMKeHnn 1mo-
JIMHOMOM BO3HUKAIOT TIPOOJIEMBI, CBA3AHHBIE € TEM, UTO TIPU 60JIbIIOM N MHTEPIIONUPYIOLIast
KpUBas MPOABJACT CKIOHHOCTh K Ype3MepHOl ocInuy. IIpn aToM BU TOTy4eHHOTO
rpacduka, Kak MPaBUJIO, COBEPIIEHHO He COOTBETCTBYET MOCTABICHHON 3a/aue MaKCHMAJIb-
HO KOPPEKTHOTO NPUOIUKEHIsI 9KCIIEPUMEHTAIBHOI 3aBUCUMOCTH.

Mpumep 16.3. Cnyyait Heyaa4YHOro MHTEPMNOANPOBAHMS NOJIMHOMOM
(puc. 16.3)

x:=(0.1 02 0.3 04 0.5 0.6 0.7 0.8)T y=(132-3532 1)T
Ixy) == | for ie0. last(x) st
x,y) = | for ie0.. last(x)
y Int(z) = Z z 'I(X’Y)last(x)—k
for je€0.. last(x) .

Mi,j - (Xijast(X)—j

M 1-y
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Int(z)

z

-10-

b4

]

Puc. 16.3. MNpubnmxkeHne Henb3sa cMTaTh XOPOLUNM U3-3a HaJIMYMS HE OCHOBAHHbIX
HEMOCPEACTBEHHO HA JAHHbIX 3KCTPEMYMOB

OuncanHble TPYAHOCTH CTAJIU IIPUYUHON TOTO, YTO HU [IPOCTBHIE IIOJMHOMBIL, Hi H0JIee coBep-
[IEHHbIE PALMOHAIbHBIE (DYHKIIUU 1 HOJUHOMbI JelblieBa MPAKTUYECKH HEe UCIOJIb3YIOT-
Cs1 Ha MPAKTUKE /I MHTEPIIOJINPOBAHNS JaHHBIX. 3aTO OYEHb IIMPOKOE PacIPOCTPaHEHHIe
B Pa3JIMYHbIX CHCTEMAX MPOEKTUPOBAHUS U 00PAbOTKU dKCIIEPUMEHTATIbHOI nH(OpMAIUK
[OJIy4YMJIA TaK Ha3blBaeMble CILIAHBL.

Vpest cruiaiiH-uHTEPHONALNI 3aKII0YAETCS B TOM, YTO, BMECTO TOIO YTOObI IIPOBOAUTD Kall-
PHU3HYIO 1 HEeTIPeACKa3yeMyIo KPUBYIO TIOJTMHOMA BBICOKOH CTETIEHN Yepes BCe OTBITHBIEC TOU-
KW, CTPOUTCS HeTpepbIBHAs KpUBas U3 (pparMeHTOB MMOJTMHOMOB HU3KNX MOPSAAKOB. Yatre
BCETO B KaYeCTBE MHTEPTIOMMPYIOIIETO MOJTMHOMA MCTIOMB3yeTCsT Kybmdeckast mapabosia, nH-
IUBUIYQJIBHO PACCUMTBIBACMAs JIJIS KaK/IOTO MPOMEKYTKA MEXKAY TOUKaMu (CILIaifH 13
(hparMeHTOB MOJMHOMOB BTOPOI CTEMEHN MOKET MMETh HeKelaTeIbHble N3rHObI B TOUKAX
CIITMBKM, YTO CBSI3AHO € TE€M, YTO (DYHKIIUST BTOPOH TIPOM3BOAHON He OyAeT HElPEPBIBHOIN).
JloCTOMHCTBOM CILIAIH-UHTEPIIOJISIIUY SBJISIETCST TO, YTO TIPU €€ UCTI0Ib30BAHUY HA KPUBOIT
NPUOIIMKEHNST He TIOSBJISIETCS] MHOMKECTBEHHBIX, HUKAK TIPSIMO He CBSI3aHHBIX CO 3HAYEHIISI-
MU KOOPJIMHAT COEMHSIEMbIX TOUEK, SKCTPEMYMOB. A 3TO obecnednBaeT Ky/aa 60bInyio ad-
(beKTUBHOCTD MPUOIMKEHNST MHTEPIOJUPYIONIEH KPUBOT BU/IA 9KCIIEPUMEHTAIBHOTO 3aK0-
Ha, YeM IIPU TIPUOIMKEHIN €r0 MOJTNHOMAMH JIOOBIX TUIIOB.

B Mathcad st unTepnosisinuu JaHHBIX € IIOMOIIBI0 KyOUYEeCKUX CILIAHOB CYIIECTBYET
cnierasibiasg yHKIU interp(s,xy,t), Tae s — BEKTOp, cojiepsKaiuii 3HaYeHUST BTOPBIX TIPO-
U3BOJHBIX CILIAliHA B 9KCIIEPUMEHTAIBHBIX TOUKAX, X U Y — BEKTOPbBI € COOTBETCTBYOIMMHU
KOOP/JMHATAMU OIBITHBIX TOYEK, t — repeMeHHast, 0T KOTOPoii GyjieT 3aBUCETh co3laBaeMast
dbynxms.

HagepHoe, BbI 3a/1a1Ch BOMTPOCOM, KaK MOKHO OPraHH30BaTh HEOOXOAUMBIN st (hyHK-

1u interp BEKTOP BTOPBIX MTPOM3BOIHBIX. Be3yclIoBHO, HIKAKUX CHEIMATbHBIX (DOPMYJIT

WJTM aJITOPUTMOB JIJIsT 3TOTO TIPUAYMbIBAaTh He cTouT: B Mathcad cymiectBytoT BcTpoeHHbIe

yHKIIUN, TTO3BOJISIONINE TIOCTPOUTH CILJIAITH, HE 33/[yMbBIBAsICh, KAKME MEXAHU3MBI 33 ATHM

CTOSIT.

Takux QyHkumii Tpu:

Q Ispline(x,y) — CTPOUT CILIAiTH ¢ TMHEWHBIM MTPOIOJIKEHUEM;

Q pspline(x,y) — mocTpoeHHasT KpUBask HHTEPIOISIUN OYAET POAOJIKEHA TIOCTE KPAeBhIX
Touek 1mapaboIioit;

Q cspline(x,y) — cTpouT cIUTaiiH ¢ MPOAOIKEHNEM KyOUIecKoii mapaboJIoii.



[TociemoBaTesbHOCTD I[eflCTBHﬁ, KOTOPYIO HY’KHO BBITIOJIHUTD JI51 UHTEPIIOJIMPOBAHUS HE-

KOT!

OpOﬁ BbI60pKI/I OIIBITHBIX JTaHHBIX Ky6I/I‘{€CKI/IMI/I CH]IaﬁHaMH, HECKOJIbBKO CJIOJKHEE, YeEM

npu JIMHEHOM WHTEPIIOJIAINHN, U 3aKRJTI0OYAETCA B CJIEAYIOIIEM.

1.

2.

sl

I[aHHI)Ie OpraHu3y1oTCA B BU/I€ OTCOPTUPOBAHHBIX COPA3MEPHDBIX BEKTOPOB. HaHpI/IMepI

x:=(0.1 02 03 04 05 06 0.7 08))  y:==(132 3532 1)

3ajiaeTcst BEKTOP BTOPBIX TIPOM3BO/HBIX € MTOMOIIBIO OHON 13 IPUBE/ICHHBIX BBITIE (DYHK-
it cemeticta *spline. TTorrpo6yem CpaBHUTD BEKTOPDI, KOTOPbHIE BHIUMCIISIT /IJIsT HATITAX
JIAHHBIX BCE TPU TU (DYHKIINN:

sl :=Ispline(x,y) s2 :=pspline(x,y) s3 :=cspline(x, y)
0 0 0
0 0 0 0 0 0
1 3 1 3 1 3
2 0 2 1 2 2
3 0 3 -101.154 3 640.191
_ 4 -128.203 Q= 4 -101.154 $3 = 4 -300
5| -1.287-103 5| -1.294-103 5 -1.24-103
6| 2877103 6| 2878103 6 2.861-103
7| -2.421103 7| -2.418103 7 -2.403-103
8 805.496 8 794.231 8 750.718
9 -201.374 9 -158.846 9| 3.903-10-13
10 0 10 -158.846 10 -750.718

BHUMaTENbHO U3YUMB MOJYYEHHBIE BEKTOPBI, BbI OOHAPYKHUTE, YTO CTPOK B HUX HA TPU
60oJIbIIIE, YEM MIMEETCsT TOUEK B BHIOOPKE. ITO 0OCTOATEIBCTBO CBSI3aHO C TEM, UTO Tep-
BbI€ TPH CTPOKHU BEKTOPA SIBJISIOTCS CTysKEOHBIMU, M B HUX COJEPKUTCS MH(OPMAIINS OT-
HOCHUTETHHO XapaKTEPUCTHK CTPOSIIIETOCST CIITaiiHa, HeoOxXomumast st (hyHKimn interp.
Tax, HarpumMep, BO BTOPOIi CTpoKe 0ToOpaskaeTcst MOPSIOK CILTaiiHa, a B TPeThel — Xa-
PaKTepPUCTUKA KPUBOH, MPOIOJIKAIONIEN CcIyIaiiH 3a kpaiinumu toukamu (0 7151 TPSMOT,
1 st mapaboJibl 1 2 IS TIOIMHOMA TPEThEil CTEIeHH ).

HernocpencTBenHO 3HAYEHNS BTOPBIX TIPOM3BOIHBIX COZIEPIKATCS B CTPOKax ¢ 3-1 mo 10-1o.
CpaBHUB COOTBETCTBYIONINE 3JTEMEHTHI PA3TNIHBIX BEKTOPOB, BBl OOHAPY/KUTE, UTO OHI
JIOBOJIBHO OJIM3KH 110 3HAYEHUSIM. 3aMETHO OTJINYAIOTCS JIUITD 37eMeHThl 3-i n 10-it
CTPOK.

Cepbesnble pasjindust BTOPbIX TPOU3BOAHBIX [JIs1 KDAWHUX TOYEK CBSI3aHbI ¢ 0COOEHHOC-
TSIMU [TOCTPOeHsT KyOUYeCKHX CIUIAHOB. Bcee 110 B TOM, 4TO OHU 3a/1a10TCsl, B 00IIEM,
[POM3BOJIBHBIM 06PA30M, 1 B 3aBUCHMOCTH OT THIIA PEIAeMOil 3aJIa4k YCIOBUSI JIJIs KOH-
1[0B IPOMEKYTKA MOKHO OTIPE/IEJIUTD T10-pa3HoMy. Tak, Harpumep, eciu BTopast Ipon3-
BOJIHAs B KPaeBoil Touke 3aaercs Kak 0, To cruiaiin Gyaer npoposkeH npsamMoi. Takoke
€ro MOKHO HPOIUTD Hapabosioil u noarHoMoM 3-i creneru. Bo Beex aTux ciydasx Buj
rpabuka Oyner pasindeH 3a npeesaMu KpaiiHUX TOYeK, OJIHAKO MKy HUMU WHTEPIIO-
JIPYIOIINE KPUBbIE PA3INIATHCS TPAKTIHIECKH He OYIyT.
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[TpuHIMINATBHBIM BBIOOP THUIIA MOJUHOMA [TPOAOJKEHM I CILIaiiHa MOKET OBbITh
JIVIIB B TOM CJIy4Yae, eCJIN BbI €r0 COOMPAETECH MCIIOIB30BATh B KAUECTBE SKCTPATIOIHPY-
torieit pyHkiyu. B ocHOBHOM ke Ha MPaKTUKe WHTEPEC MPECTABJISET KAYeCTBEHHOE CO-
efiHEHe UMEHHO BHYTPEHHUX TOYEK, [I0ITOMY, CKOPee BCEro, HUKAKOW Pa3HUIbI OT
TOTO0, KaKyto (DYHKIIHMIO BbI 3a/IelICTBYeTE JIJIst 33/IaHUsT BEKTOPA BTOPBIX [TPOU3BOIHBIX, HE
Oyner.

3. 3amaem dynknumio interp(s,xy,t). B namewm ciaygae:

11(z) := interp(Ispline(x,y),X,y,Zz)

12(z) := interp(pspline(x,y),X,y,2)

13(z) := interp(cspline(x,y),X,V,Z)
OG6paTnTe BHUMAHNUE, UTO BEKTOP BTOPBIX MPOU3BOHBIX MOKET OBITH 3a/1aH U HETTOCPE]I-
CTBEHHO B CKOOKax (hyHKIIMU interp.

4. IlpommcaB B COOTBETCTBYIOMINX MapKepax UMst QYHKIIMYA WHTEPIIOJISIIINN U TIEPEMEHHYTO,
crpouM rpaduk (puc. 16.4). O6bIYHO, TOMUMO caMOil PUOIMIKAIONIel KPUBOK, Ha rpa-
(buke oTOOpaKAIOTCS ¥ HKCIIEPUMEHTATBbHBIE TOUKH. Cenarh aTo0 MOKHO, BHECST B HYJK-
HbIe MapKepbl Yepe3 3aIlsATyi0 MMEeHA BEKTOPOB JIAHHBIX U TOMEHSIB THUIT KPIBOI Ha points
(TOUKM).

11(z) ﬂ 12(z) ﬁ I3(z)
y ' y ' i v 0 S

aoo \_,‘ﬂ UJ'_S '\/[ ooo \f's ooo

Z,X z

2

Puc. 16.4. NHtepnonsumsa kybnuyeckmumm crnaaHamm ¢ NpoaoSiXXeHNaMN pas3fivyHbIX TUMOB

Ha nepsblit B3T7IA71, KpUBBIE, TPUBeieHHbIe HA puc. 16.4, kaxyTcsa pasmuunbiMu. OHAKO,
[PUCMOTPEBIIUCE, Bbl YBUAUTE, YTO B 0OJIACTU JIOKAIU3ALMU IKCIICPUMEHTAIbHBIX TOYEK
OHH TIOJTHOCTBIO WIECHTHYHDI, U PA3JINYaIOTCsT JIMITh YXO/SIINe Ha OECKOHEYHOCTD TTPOIOJI-
JKeHMs KPUBBIX CIIIAiHa.

B KakoM cjiydae HHTEPIHOJUPYIOIast KpuBas OyAeT XOPOIIo 0TOOpaskaTh U3y4aeMylo 3aK0-
HOMEPHOCTH? [[JIsT 3TOTO IOKHBI BBITIOTHSITHCST IBA 005I3aTETbHBIX TpeOoBaHmst. Bo-miepBbIx,
MOTPETITHOCTD JIOJKHA OTCYTCTBOBATE WK OBITH HeGobIoN. Ecin 910 He Tak, TO mepejt mo-
CTPOEHMEM MHTEPIOINPYIONIETO CIITAiiHA HYKHO TIOJIBEPTHY T JaHHbIe 06paboTKe, KOTOpPast
YMEHBIIUT BIUSHIE TIOTpenrHoCcTH. K mprMepy, MOJKHO 33/1eiiCTBOBATD aJTOPUTMBI CTIIasKNU-
BaHUs1. Bo-BTOPBIX, 9KCIIEPUMEHTAIBHBIE TOYKK HE JIOJIKHBI OBITH CJIUITKOM JaJIEKO APYT OT
apyra. cxozst us TeopeMbl KoTeTbHIKOBA, ANCKPETH3AINS OJKHA OBITH B /IBA Pasa MEHb-
111e MUHUMAJIBHOTO 2JieMeHTa. To ecTh, ecyii MUK aKcTpeMyMa umeeT mupuny B 10 enunmil,
TO IKCIEPUMEHTAIBHBIE TOUYKHM HYKHO TOJYYUTD C IATOM B 5 €JIMHUII, HHAYe IKCTPEMYM
MOJKET Ha MHTEPIIONUPYIOIel KPUBOH 1 HE 0TOOPasUTHCS.

DyHKIUK UHTEPIOJISIIIMN — 9TO YPE3BIYAHO MOIIHBIN ¥ MOJE3HBIH MHCTPYMEHT. UT0ObI
9TO MPOAEMOHCTPUPOBATH, PEITUM KPACUBYIO U CJAOKHYIO 3alauy — TOCTPOUM OYTBIIKY
Kaetiaa (em. mpumep 16.4).
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Mpumep 16.4. MNMocTpoeHune ByTbinkm KnerHa

Yro takoe GyTbiika Kielina? Ota Bropas 110 M3BECTHOCTH, TI0c/Ie Jircta Mebuyca, OIHOCTOPOHHSS M0~
BepxHOCTh. JIcT Mebuyca 04eHb IPOCTO U3TOTOBUTH U3 TIOJOCKH OyMaru, CKJIEHB ee KOHIIbI ¢ OJIHOM
croponbl. Takske npocto crpourest 1 rpaduk Jmcra Mebuyca (M. pasi. 6.2.3). Cosuars Oyrbuiky Kieii-
Ha (puc. 16.5) HamHoro cjaoxHee. B Teopun 1ist 91010 Hys;KHO aBa miara. Ilepsbiii miar: 6epem Jmct Gy-
Maru 1 CKJIeMBaeM JIBe ero POTHBOIIOJIOKHbIE CTOPOHbL. B pesyibrare nosyuaercs ipumnnap. [lar Bro-
POIl: CKJIenBaeM KOHI[bI IIMJIMH/PA. Eciin CKIIeiKy OCyIIeCcTBUTh M3 TIO3UIIHH, KOT/Ia KOHIIbI ITUJINH/IPA
HAIPABJIEHBI B TIPOTHBOIOJIOKHBIX HAITPABJIECHUSX, TO OJYUUTCsE TOP. ECIIN JKe CKIeUTh UX TaK, 4TOObI
OHU ObIJIN HAMIPaBJIEHbBI B OJ[HY CTOPOHY, TO BbiiiieT OyThiika KieliHa. YBbI, HO B HaIlleM TPEXMEPHOM
MUPE, 4TOOBI OBLIO BOSMOKHO OCYIIECTBUTH BTOPOIi HIar, TpeGyercst BOJM3U OJHOTO U3 KOHIIOB I[HJIMH-
JIpa MPoJIeJIaTh OTBEPCTHE, B KOTOPOE MOJKHO Oy/IET HATIPABUTH BTOPOIT KOHEI IIMJIWH/IPA JIJISt TOTO, YTO-
6bI KOHITBI COMMBHUIICH € OJHON cTOPOHBI. QUEBUAHO TAKIKe, YTO /ISt TOTO, 4TOOBI BTOPOii KOHEIT 11~
JIMHJIPA CMOT BOFTH B OTBepCTHE BOJIM3H MEPBOTO KOHI[A U 3aTEM COEJIMHUTHCS ¢ HUM, IMAMETP I[HJIMH/pA
JIOJDKEH M3MEHSIThCS 110 €ro JIJTIHE, CHAYaJIa YBEeJNUNBAsSICh, & 3aT€M YMEHbIIasch. BBUY OnucaHHbIX
OrpaHUYEHUH, MbI MOKEM TIOCTPOUTH JIUIITh Mojesib OyThuikn Kieiina. [lanHas Mozesb Gyier, 1o cyTu,
SIBJISITBCST TIpoeKIveit Oy Touikn Kuleifia B TpexMepHOe TIPOCTPaHCTBO. PeasibHast 5ke TOBEPXHOCTH MO-
JKET CYIeCTBOBATH TOJIBKO B IMIIOTETUYECKOM YETBIPEXMEPHOM ITPOCTPAHCTBE.

Puc. 16.5. CteknaHHas OyTbinka KneliHa (nogo6Hble 6yThIIKM MOXHO KynuTb Ha caiTe http://
www.kleinbottle.com)

Peanbras OyToiika Kielina — 910 oueHb yaIuBUTEIbHBIH 00bEKT. Bo-1epBbIX, 9T0 OHOCTOPOHHSS IO~
BEPXHOCTH. BO-BTOPbIX, 9TO HElPepbIBHAS TIOBEPXHOCTD, TO €CTh He uMeloiias rpauuil (y jucra Mebu-
yca rpaHuIlbl €CTh). ITU ee CBOMCTBA 03HAYAIOT, K IIPUMEPY, YTO MOKHO HAuaTh JBUKEHUE C OIIpejie-
JICHHOI TOYKH «CHAPY3KI» OYTBIIKM U OKa3aThCsl B TOU JK€ TOUKE, HO «BHYTPU». J[OBOJIbHO HHTEpeCHA
W TpexMepHast Mojiesib Oy Thuikn Kieitta. Eciin oTimTh ee 13 cTeksia Tak, 4ToObl TOYKa COeIMHEHNsT KOH-
110B 06pasyoNIero MUJINH/IPAa COOTBETCTBOBAJIA TOPJIBIIIKY, TO € €€ TIOMOIIBI0 MOXKHO TOKa3biBaTh (ho-
KyC: BOJIa BAMBAeTCs B OYTBIIKY, OZHAKO BBLIMTH €€ OTTY/Ia IIPOCTHIM HAKJIOHOM COCY/a HEBO3MOKHO.

Kak MoskHO OCTpOUTD MoBepxHocTh OyThinkn Kieiina 8 Mathcad? Korga bt pucosasiu et Mebuy-
ca, MbI MCIOJIb30BAJIM JIJISI 9TOTO OIMCBHIBAIOILYIO €ro CHCTeMY Iapamerpuueckux ypasnenuii. Cyiie-
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CTBYET JIM aHAJIMTUYECKOe Ollncannue 6yT]>IJIKI/I Kieitna? B CHeL[I/IaJII)HOI?I Jireparype IpuBOAUTC:A Clie-
Ayroliee HESIBHOE ypaBHEHUE!

2
(x2+y2+ z2+ 2y - 1)-|:(x2+ y2+ 22— 2y — 1) - 822:| + 16~x~z~€(2+ y2 + 22 -2y - 1) =0

TTocTpouTh MOBEPXHOCTh UCXO/Is U3 HESIBHOTO YPABHEHMUS JI0BOJILHO MPoGieMaTiaHo. UTOGBI 9TO MOK-
HO OBLIO C/IeIaTh, He TIpUGeras K NCIIOJIb30BAHUTO CJIOKHBIX 1 HEHA/IEKHBIX aJITOPUTMOB, HESIBHOE YPaB-
HEHVE JIOJIKHO OBITh TIPe0OPA3OBAHO B CHCTEMY U3 TPEX MapaMETPUUYECKUX YPABHEHUI — 110 OZHOMY
Ha KaXX/Iyl0 KoopAnHaTY. IIpuBeenHoe BbIllle HesIBHOE YPaBHEHME JaeT CJACAYIONLYIO ITapaMeTpuyec-
KYIO CUCTEMY:

x = cos(u)-cos g (\/_2 + cos(v))+ sin % -sin(v)-cos(v)
y = sin(u)-cos g (\/_2 + cos(v)) + sin % -sin(v)-cos(v)
z=—1-sin % (\/_2 + cos(v)) + cos g -sin(v)-cos(v)

OiHAKO eCJIH TIOTIBITATHCST TIOCTPOUTD UCXO/IST U3 TIPUBEIEHHON CUCTEMBI TTOBEPXHOCTD, TO
OHA OKAKETCST COBCEM He TIOXOKEi Ha KJIACCHIecKyto Mozienb OyTounku Kielira Bpose n30-
Opaxennoi na puc. 16.5. OHaKO MoJydeHHasT TOBEPXHOCTD ONPEAENEHHO OYIET 3aMKHYTOM
W 110 OYepTaHuAM cX0kel ¢ OyToutkoii Kneitna (puc. 16.6).

Puc. 16.6. [ToBepxXHOCTb, MOCTPOEHHAs UCXOAst U3 CUCTEMbI MapamMeTpPUYeckux ypaBHeHUA as
OyTbinkM KnerHa

[Touemy >ke MCXO/ST M3 CUCTEMbI TTAPAMETPUUYECKUX YPABHEHUI HE I0JIy4aeTCsl TIOCTPOUTD
«rpaBmIiIbHYI0» OyThUiky Kieitna? [lesio B ToM, uTo peasibhas OyTouika Kieiina — ato ye-
ThIpeXMePHbIN 06bexT. Mozeb ke, okazanHas Ha puc. 16.5, ymospuresnbHa. B Heii ectb Ma-
TEMaTHYeCKH HUKAK He 0GOCHOBAHHBIE AOMYIeHNsT (OOKOBOE OTBEPCTHE U MEePEeMEHHbIH
auameTp 00pasyIoNIero MUJINHPA), IPUHSITBIE [T TOTO, YTOObI TIOBEIEHIE MOJIE MAKCH-
MaJIbHO HAITOMMHAJIO CBOIMCTBA ee YyeThIpexMepHoro mporoTtuma. CrcreMa ske mapaMeTprUIecKux
YPaBHEHUIT OIKCHIBAECT PE3yJIbTAT [IPOEIMPOBaHUs peaibHol OyThuiku Kieiina B Tpexmep-
HOE TIPOCTPAHCTBO. BO3HMKAIOMIME TIPU 3TOM MCKKEHUS] YHUUTOXKAIOT YacTh MH(GOPMaIuu
06 obbexre. Ho umcTo MaTeMaTiyecku MoBepxHOCTb Ha puc. 16.6 B GoJibiieli cremeHn coot-
BercTByeT GyThiike Kiefina, uem mMomenn Ha puc. 16.5.
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Ho HaM Hy;KHO IIOCTPOUTD ITyCTh «HEIPABHIbHYIO», HO 04€Hb d(DMEKTHYIO TPAAUIIUOHHYIO
Mozens OyTeuikn Kieitna. Creath 5T0 ¢ HOMOMIBIO aHATUTHYECKOTO OIMCAHKS HE Oy IUTC,
TaK KaK COOTBETCTBYIOIIMX yPaBHEHUIT IIPOCTO He cymiecTByeT. TyT HysKeH NPUHIUITNAIBHO
JPYTOii moaxo. A uTo ecyu 3a1ath OyTeiKy Kieiina mo roukam? He crierire oTBeprath aTy
nzero: Oyteuika Kieiina o6ragaer cBOMCTBAME, AEMAIOIUMUI TTOJ0OHBIH MOAXO/ BIIOJIHE OCY-
IIECTBUMbBIM Ha ITPAKTUKE.

Yro rakoe 6yrbuika Kieitrna? I1o mpocto 0cobbM 06pasoM H30THYTHII IUINHIP epEMeH-
Horo AuameTpa. UTo6bl co3MaTh TAKYIO TIOBEPXHOCTD, COBCEM HE 00s13aTeJIbHO 3HATH KOOP-
JIMHATBI KKIOH ee Touku. J[octatouro, 4ToObl OblLIn U3BECTHBI iBe (DYHKIIUK OLHOIO apry-
menTa. [lepBast dhymkimst — 910 Hanpassstionias. OHa MOKA3bIBAET, KAK TOJUKEH M3THOATHCST
wunuuap (puc. 16.7, a). Ecau pacceus 6yTouiky Kirelina m10CKOCTbIO, MEPIEHAUKYISP-
HOW K KacaTeJIbHOW K HAIIPABJISIONIEH, TPOBEJACHHON B TOUKE IepecevyeHns HarpaBJsioniei
U IJIOCKOCTH, TO JIMHUSI Tlepecederus: OyeT BCeraa MpecTaB/siTh cOO0N MpaBuIbHYI0
okpyskHOCTB (pric. 16.7, 6). ExnncTBeHHOE, 4TO HY/KHO 3HATH, YTOOBI 32aTh TOYKH, JIEKAIINe
Ha 3TOH OKPY’KHOCTH, 3TO MMPOCTPAHCTBEHHOE PACTIONOKEHNE KacaTelIbHOH K HAPaBJIAIO-
mieit (JIerko onpesieNnsieTcst 3 ypaBHeH sl HAPABJISIONEeN ) 1 panyc 00pasyIonero IuInH-
npa. Tak kak B Tpexmepnoil mogesu Oyrouiku Kieiina paguyc HuInHApa epeMeHHbIH, He-
06x0IMMO 3HaTh (DYHKIIUIO, 32MAIOIIYI0 PAMIYC ISl KasKI0I TOUKM HAIIPABJISTIONIEH.

a 6

Puc. 16.7. bytbinka KneliHa B «pa3pese» (a) 1 ee TodeyHoe nsobpaxeHue (6)

[Moxaskem, yto (byHKIMS HATPABJIAIONIEl 1 QYHKIINS pauyca SBISoTC (DYHKIUSAMEI OT OJTHON
nepeMenHoit. Tak kak obpasyromuii 6yTeuiky KieitHa muanHap usrubaercst Tak, 4to Kax-
Jlast TOYKa JBWIKETCST B OJIHOM U TO¥ JKe TIOCKOCTH, TO W HATIPABJISTIONast GyIeT TITOCKOM,
a He TpeXMepHOI KprBoit (Hanbosee yIoOHO ee pacmooKuTh B Tiockoct X0Z). CooTBeT-
CTBEHHO, 33/1aTh ee MOKHO (byHKIHeH oT oxnoi nepementoil. MyHKIwsT paguyca ectb GyHK-
s 0T GyHKIMK HanpasJstonieil. [ToaTomy, oueBuaHO, OHM GYIyT 3aBUCETh OT OAHON M TON
JKe TIepEMEHHOM.

Wrak, ato6s1 TOCTpOUTH OYTHIKY KiteitHa, MbI IOJZKHBL [7s1 Havasia 3a1ath (YHKIO Ha-
nipaBJisgronieli u yHKIMIO pagnyca. HauneM MBI ¢ OyHKITIH HATPABJISIONIEH.

B npuntme, MOJKHO MTOTIBITATHCS HATTMCATD ypaBHEHUE HarpaBJstionieil. OHAKO 9TO CJI0K-
HbIi noaxoz. [Tpore aefictBoBaTh caeayiommm obpazom. Ha Mummmmerposoii Gymare nim
B IpaUuecKOM pPeflaKTope, MoJie KOTOPOTro MOKET ObITh OTOOPAKEHO B BUJIE CETKH, PHCYEM



HATIPABJSIOINLY0. DTO H0JKHA OBITH METJIs, aHAJTOTMYHast MoKazaHHOW Ha puc. 16.7, a. Ee
pasMepbl, COOTHOIIIEHUE JUTIHBI 1 IIIUPUHBI U TIPOUFE TTApaMeETPhI BBl MOJKETe BBIOPATD TIPO-
n3BobHO. HaprcoBas Hampasgiontyio, onpezesseM kKoopanHatel 10—-20 ee Touek, mocTaBUB
B COOTBETCTBHE Kax/I0M KJIE€TKe, HallpuMep, OTPe30K AmnHoi 1. Toukn HeoObXoanMo cTaBuTh
TaK, 4T00bl B 06J1aCTH ObICTPOro udMeHeHus (hyHKIUK uxX ObLI0 OOJIbIIE, 4EM HA YYACTKE, T/e
KpuBast u3MeHsieTcs 1miaBHo (puc. 16.8).

(9,62)

(17’42)(24,40)

5 (38.,6)

|-
0 5 10 15 20 25 30 35 40 45 50 SSVX

Puc. 16.8. HanpaBnsioLias 1 onucbiBaioLLMe ee y3/10Bble TOYKU

OrtipesieTMB KOOPAWHATEI Y3JIOBBIX TOUEK HAIIPABJISIONIEH, 3aHOCUM MX B BEKTOPHI trace X u
trace z:

trace x:=(9 9 8 6 4 6 12 18 27 38 46 49 47 38 24 17 13 10 9)T
trace_z:=(62 45 38 32 24 159 6 4 6 15 23 31 37 40 42 45 51 62)T

Terepb HAa OCHOBAHUM KOOPAMHAT Y3JOBBIX TOYEK MOCPEACTBOM UHTEPIIOJALMY KyOrdec-
KUM CIZIAaifHOM HeoOX0AMMO 3a1aTh (GYHKIMIO HanpasJsiomieil. OIHaKO 9TO HeJIb3s clie-
JIaTh HaNpsAMYIo, 3a1aB GyHKuio z=f(x). Jleso B ToM, 4TO HanpaBJsoONas Beaer cebs Tax,
YTO OJTHOMY 3HAUEHWIO X COOTBETCTBYET /iBa 3HaYeHUd z. OTHcaTh TaKylo 3aBUCUMOCTD SIB-
HBIM ypaBHeHreM z=f(X) HeBo3MOKkHO. OHa MOKET GBITH OTMCAHA UIN HESIBHBIM YPaBHEHH-
eM F(x,y)=0 (x nmpumepy, mid OKpyKHOCTH paanyca R HesBHOe ypaBHeHUEe WMeeT BU]
x*+y2—R?=0) wiu cucteMoii u3 AByX MapameTpudeckux ypapuennit x=Ff1(t) u z=f2(t) (aus
OKPY>KHOCTH Takasl cucteMa — X=R-sin(t) u y=R-cos(t), te0...2.1). YucTto Texnnuecku mpo-
e paboTaTh ¢ CUCTEMON MapaMeTpUUecKuX ypaBHeHui. YToObI 3aaTh TaKyO0 CHCTEMY
JUIST HAITPABJISIONIEH, HY/)KHO TIPOBECTH JIBa KyOMUYECKUX CIIJIAiiHA Yepe3 TOUKU BEKTOPOB
trace_x u trace z. Beibop mapameTpa AJist CHCTEMBI HYKHO OCYIIECTBUTD TakK, YTOOBI OH TIO-
Ka3bIBaJI, KaK /IaJIeKO TOUYKW OTCTOST JIPYT OT AApyra. B HameM ciydae 3HaueHIeM TTapaMeTpa
JUIST i-i1 TouKn GyJIeT JuIMHa JJOMaHOM, TTOCIe0BaTebHO COEMHSIONIEH BCe TOUKU OT Mep-
BOI [0 i-11.
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3ajaTh BEKTOP TapaMeTpa 04eHb MIPOCTO, UCI0JIb3ys TeopeMy [ludaropa:

1:=0..last(trace x)

k
length (k) := Z J (Lraceg(j_1 - trac:egij.)2 + (traceizj_1 - traceizj)Z

i=1

t= if(i= 0, 0, length (i))

th(O 17 24.1 30.4 38.6 47.9 56.3 63.1 72.3 83.5 95.5 104 112.3 123.1 137.4 144)

OcHoBbIBasICh Ha BeKTOpe t 1 BeKTOpax trace X u trace_z, co3maeM QYHKINU tr X U tr_z,
OIMCHIBAIONINE 3aBUCUMOCTD 3HAUEHUI KOOPAUHAT TOUYEK HAINPAaBJLIONIEH OT JJIMHBI MTPU-
GunzKalonei ee JIOMaHOI:

tr_x_spl:=cspline(t,trace_x) tr_z_spl:=cspline(t,trace_z)
tr_x(p) :=interp(tr_x_spl,t,trace_x,p)

tr_z(p) :=interp(tr_z_spl,t,trace_z,p)

[TpoBepsieM, MPaBUIILHO JIM MbI BCE CAEIAIN, OTOOPAa3UB Ha OJHOM IpaduKe TOCTPOEHHYIO
ucXo/s U3 (PYHKIUH tr X W tr_ 7 KPUBYIO U UCXOJIHbIE y3JI0BbIe TOUukM (puc. 16.9).

P=tpdp Bl gy

S50

tr_z(p)

frace z 30~
oo

A0

0 10 20 30 40 50
fr ap), trace x

Puc. 16.9. MHTepnonupytoLLas KprBas NpoxoamT TOHYHO Tak Xe, Kak MCXoAHas, HapucoBaHHas
«BPYYHYIO» HaNpaBnsaioLLas (cpaBHUTe ¢ puc. 16.8)

Jasee HyKHO 3a1aTh (DYHKIIUIO, ONUCHIBAIOLLYIO U3MEHEHUE pajinyca 0OpasyIoiiero Oy TbLi-
ky Kueiina mumanzpa. Pemmum Mbl 9Ty 3324y 110 TOMY K€ TIPUHIIUITY, 10 KOTOPOMY OblLia
3amana dhyHKIus HarnpasJsionieil. [[yis 9Toro HapucyeM cedeHue MOBEPXHOCTH ILIIOCKOCTIO
X0Z u, uT006bI He ObLIO Iy TAHKI[bI, OCTABUM HA YEPTEKE TOJIbKO BHEITHUIT KOHTYD U HAIIPAB-
nstioryto (puc. 16.10). [letamu ¢hopMbl y 6YTBUIIKE MOTYT OBITH MTPOU3BOMBHBIMU. OHAKO
HYKHO CTPEMUTBCS K TOMY, YTOOBI PAIyC HUIMHAPA He OblI OOJIblIIe, YeM PauyC KPUBU3-
HBbI HANTPABJISTIONIEN B IaHHON Touke. MHaue ToBepXHOCTh Oy/IeT UMETh CKIaAKU. YT00bI Oy-
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Teiika Kieitna Oblia moxosxka Ha peajibHYIO 6yTbI]IKy, B obsacTi OTBEPCTHUA TOJIKHO OBITDH
HeGOIBIIIoE pacIinpeHnue€ — TOPJIBIIIKO.

N e H Y

\"_:" o ,"l o s
0 510 1520 2530 3540 45 50 55 x

Puc. 16.10. BHewHuii KOHTYp ByTbuiku KneHa ¢ NpoBeAEHHbIMN K HEMY OT HanpaBnsioLLeit
oTpeskamu paguyca

Korna ceuenue 6yrouikn Kieitna 6yner Hapucosato, Haueptute 10—20 oTpeskoBs, coeuHs-
IONIUX HAMPABJISIONLYIO U BHEITHWIT KOHTYP. /laHHbIe OTPE3KHU JOJKHbI OBITh TIEPIEHANKY -
JIIPHBI KacaTesbHOH K HampasJsionieil. /lanee nusmepsre ux piauny. Ilonyuennble ganuble
UCTIOTb3YEM KaK Y3T0BbIE TOUKK JUIsT (DYHKIMN pammyca. YToOBI MOKHO OBIJIO OTIPENETUTD,
KaKOW TOYKe HAIIPABJISIONIEH COOTBETCTBYET KaKOH Paanyc, HeOOXOAMMO 3aHECTU B OTAEb-
HBII BEKTOP KOOpAMHATHI 110 X Wi Z ToYeK HarpasJstiolneil (HazoseM ero bord_z), otHocu-
TEJIBHO KOTOPBIX ObLIH MTPOBEIEHBI OTPE3KH.

bord z:=(62 61 58 46 52 47 42 37 3426 22 158 54 5 9 1728 3640 41 47 55 62)T

r::(310555.56101518211613111087656444333)T

DyHKIMS paguyca J0JKHA 3aBUCETh OT TOM JKe NepeMeHHOM, YTo 1 (DYHKIIMS HAPaBJISIO-
mteit. OIHAKO y HAC €CTh JIAHHBIE OTHOCUTEIBHO TOTO, KAK PAIUYC MEHSIETCSI TI0 MepPe U3Me-
HEHUsT Z-KOOPIMHATBI TOUEK HATIPABJISIONIEH, HO He OTHOCUTEJHHO TOTO, KAK CBSI3aHbI PaJU-
yC¢ 06pasyIomero MUINHAPa U apaMeTtp t. YToObI HATH 3Ty CBSI3b, TPEGYETCS OTPEAETUTD,
KaKUM 3HAYEHWSIM t COOTBETCTBYIOT MMEIOIINECS 3HAUYEHWST Z-KOOPAMHATEL. Permmth 3Ty 3a-
Jla4y He TaK YK U IPOCTO — HO MOKHO. [lJIsT 9TOTO HYKHO JUISI KQK/I01 NMeIoIIeiics BeJu-
YMHbI Z-KOOPAMHATBI Z, UCKaThb KOpeHb ypaBHenus tr_z(t)—Z=0, rae tr_z(t) — dyuxuus,
CBSI3BIBAIOIIAST KOOPUHATHI 110 7. HATIPABJISTIONIEl U mapametp t. /lanHoe ypaBHeHUe HeJb3st
PeIIUTh AHATUTHYECKU, HO MOJKHO YHCJIEHHO, UCTIONb3ysl (hyHKIuIo root. [Tomymaem, Kak
YHICTO TEXHUYECKH JIYYIIIEe PEATN30BaTh COOTBETCTBYIONUI AJITOPUTM.

B niepByio odepe/b Hy;KHO PENTUTh, YUCJIECHHBIE METO/IBI KAKOTO TUTIA JIYUIIle UCIIOJIb30BATD —
Tuma Metona bosbitano uam Trma Metoza cekymx. Koneuno, MeTo/Ibl MHTEPBATIOB JIOKAJIH-
3aluy KOpHS Hagexuee. Ho Kak 9TOT caMblil MHTEpPBaJI OIIPEIEIUTD TaK, YTOObI HA HEM OKa-
3aJICsT Hy KHBIN KOPEHb, TIPUYEM, TOJIbKO OfuH? Eciu MBI peliaeM ypaBHEHUE «BPYUYHYIO»,
TO 3TO JIETKO CJIeJIaTh, OPUEHTUPYSICH TI0 TpaduKy. Eciu e mormcKoM KOpHei 3aHNMaeTCst
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[IPOTPAMMa, TO JOCTOBEPHO ONPEAENNTh WHTEPBAJ JOKAJUIAIMH KOPHS c103KHO. [0aTo-
My MbI OyJIEM HCIIOIb30BATh METO/L CEKYIIX. OHAKO /JIsT 9TOTO TIPUAETCST TPEOIOJIETH MaC-
Cy CJI03KHOCTEN. BO-TIepBBIX, KAKIM JI0JI’KHO OBITh HAYaTbHOE IPHOJIMKEHHe, YTOOBI YHCIIeH-
HBII METOJ[ COTIeJICS K HY>KHOMY KOPHIO? Kak MOJKHO ONpesesinThb, 4UTo Hali/IeHHbIIT KOPEHb
Bepen? YUTo /iemmath, ecam YNCTCHHBIN METO/T He COMIETCS K PEIICHII0?

V pelaemoii 3aaun ecTb 0COOEHHOCTb, A0t BO3MOKHOCTD CIIPABUTHCS C IIEPEYUCIIEH-
HBIMU CJIOKHOCTsSIMU. HaM M3BecTHO, B KakOoM MHTepBase n3MeHsercs napamerp t. Takxke
M3BECTHO, 4TO JUIA Z,,, 3Hadenue mapameTpa Oyaet ctporo Goubiine, yem i Z,. [loaromy Mbr
MOKeM Pa3/eJuTh NHTepBasl n3MeHeHus mapamerpa t #a N ¢parmentos, rie N — Kosmde-
CTBO Y3JIOBBIX TOYEK /It (DYHKITUH pajyca. bymem mpeamnosarats, 4To penienre ypaBHEeHUS
tr_z(t)-Z~0 noxamizoBano (uim Haxoxutcs BOmu3n) i-ro unrepsasa. Ecm otpeskn paju-
yca IPOBOMINCH OTHOCUTEILHO PABHOMEPHO, TO JIAHHOE MPEII0JI0KeHne IpyObIM He sIB-
jsiercst. B xavectBe mpubIMKeHNsT K KOPHIO MOKHO B3SITh JIIOOYIO TOYKY COOTBETCTBYIO-
utero Z, uarepsasa. OHaKo, 4To6b yMEHbIINTh BEPOSTHOCTD ONpPe/leIeHIs He TOTO KOPHS
(a Takke YTOOBI MPELYCMOTPETH BOBMOKHOCTD OTCYTCTBUSI CXOIMMOCTH K KOPHIO), OyzieM
pemaTh ypasHenue tr_z(t)-Z=0 B necaru To4ykax i-ro unrepsaa. Ilomyuus ouepeanoe pe-
tiete, Gy1eM IpoBePsITh, IPUHAJIEKUT Jiu OHO obaactu usMeHenust t. Ecou ga, o oHO 1071
JKHO OBITH 3aHECEHO B BEKTOP KOpHEN S.

Korzma Bce mHTEpBaBI GYAYT TIPOCMOTPEHBI, BEKTOP KOPHEH CJIEYET OTCOPTUPOBATH. JTa
HEOOXOIMMOCTD CBSI3aHA C TEM, UTO TO, YTO TOUKA HAYATBHOTO MPpUOIKeH st GepeTcst Ha i-M
UHTEpBaJIe, elle He rapaHTUPYET, YTO B KayecTBe pelieHus OyIeT HalijleHo UMEHHO COOTBET-
crBylouee Z, snadenue mapamerpa. OTcoOpTUPOBaB BEKTOP KOPHEH, U3 HEro CJIeyeT UCK/IO-
YUTH HOBTOPSIOUIMECS 3HAYEHUSL. DTO JIETKO CeNaTh, CPABHUBAS B IIUKIIE 3HaYeHHe S, ¢ S, .
Ecy onn okaxyrest pasubivu, S, sanocutest B sektop orsera T. Ecam se S; ¢ S| pashbl, T0
MIPOCTO TIEPEXOJIUM Ha CJIEYIONIYIO UTEPAIUIO, HUYEeTo He 3aHocs B T.

Ornmcannblif BBIIE aITOPUTM MOKHO PEATN30BaTh CJACTYIOMINM KOTOM:

converter(Z) := (n <0 TOL« 10 14)

for i€ 0..last(Z)-10

i
«—t —_
P st () last(Z)-10
continue on errorroot( tr z(p) — Z ; ,p)
round| —
10) )
sol < root( tr z(p) —Z ;)P
round| —
10
(Sn <~ sol n<n+ 1) if sol < tlast(t) A sol >0

(s —sort(S) ke 1 T« so)

for je 1..1last(S)
(TkeSj k<« k+ 1) if Sj# Sj-1
T
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O6paTuTe BHUMaHKE Ha TO, YTO (DYHKITHIO TOOt MOKHO BIOJIHE 3((HEKTUBHO MCIIOIb30BATH
B KOJIe TTPOTPAMM, 3a/1aBast HavalbHOe TIPUOJIIZKEHIE B (hopMe JIOKaIbHON mepeMeHHoi. Takske
KaK JIOKaJbHYIO TIepeEMEHHYIO0 MOKHO 3a/1aTh 1 TOL.

[IpuMeHUM [porpaMmy converter 1o oTHoIIeHuio K Bekropy bord z:

t_bord :=converter(bord_z)

t_bordT:(O 1 410 15 16 20 25 28 37 41 48 76 81 87 88 95 98 103 109
120 137 142 152 160)

[Ipu ompeesnenny paaycoB 06pasyIoIero IJIHH/PA TPOU3BOAUIOCH OKPYTJIEHHE IO 1ie-
JBIX gncest. V13-3a 3TOTO B MOTyYeHHBIX 3HAUYCHUAX MMEETCS CYIeCTBEHHAs TOTPENTHOCTD.
Takske HeJIB3s1 TAPAHTHPOBATH TO, YTO OTPE3KH PA/ILYCOB OBLIN OTJIOKEHDI TTOJ] YIIIOM, MaJIO
OTJIMYAIONTIMCS OT UCTUHHOTO yIJIa HAKJIOHA TEePIIeHANKYIAPA K KacaTeJbHOIN K HAIIpaBJIs-
tomteit. YToOpl MUHUMU3MPOBATD BJIMSIHIE OMUOKHU B JAHHBIX BEKTOPA I HA (GOPMY ITOBEPX-
HOCTH, JIaHHbBIe cJienyerT 06paboTaTh OMHUM U3 aJTOPUTMOB CIIaKUBAHUsL. MBI BOCIIO/Ib3Y-
eMcst [1st 9Toro BeTpoerHol dyuknnein Mathcad supsmooth. Opaako Hy:KHO yuecTs, 4TO
CTJIa)KIBaHNE MEHSET BeJNYMHBI 3HAUEHN FICXO/S M3 BEJIMYNH 3HAUEHUN 110 COCEZICTBY.
[TosTomy 1ocJie criaskuBaHusI 3HAUEHUS IIEPBOTO U TTOCJIEHETO 9JIEMEHTOB BEKTOPA I MOTYT
U HE COBIACTh. JTO He JOIYCTUMO, TAK KaK He COOTBETCTBYET cBolicTBaM OyThuiku Kieiina.
Yro6bl HCIPABUTD ATY OMIKOKY, POCTO IIPUCBAMBAEM IIOCJEIHEMY SJIEMEHTY BEKTOPA I 3HA-
YeHHe M1epBOro JeMeHTa.
1 :=supsmooth(t_bord,r)
T0 " Mast(r)

Ha ocroBanuu BexTopos t_bord u r mocpencTBomM MHTEPIOIAINU KyOMIECKUM CILIAHOM
coszaeM (yHKIMIO paauyca obpasytoriero 6yTouiky Kieiina mumanapa. Hasosem ee bord_f:

bord_spl :=cspline(t_bord,r)
bord f(p) :=interp(bord_spl,t bord,r,p)
Crponm rpacuk bord f (puc. 16.11).

07
1571

bord fip) 10T

5

Puc. 16.11. Npaduk dyHKLMM n3MeHeHns paguyca 6yTeinkm KneriHa

Heobxoanmbie aiist nocrpoerns 6yTbiiku Kieitra GyHkimu y Hac yke ectb. Ocrasock mpo-
U3BECTH caMo TtocTpoenue. Pucosars OyTbuiky Kieitna Mbl Oyem cieayiommm 06pasom.
[Tepeiizist K 04epeAHON TOYKe HATIPABJISIIONIEH, MBI Gy/IEM OTIPEIENTD, O KAKUM YTI0M
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Kk ocut X JI0JIKHA PacIio/IaraThesl INIOCKOCTD € COOTBETCTBYIONIMMHE JaHHOI TOUKe ToUKaMu 06pa-
3YIOIIETO IIHITIHAPA. 3aTeM MBI OyZieM PacIiofaraTh B 5T TIOCKOCTH CaMH TOYKH IO OKPYK-
HOCTH, Pajiiyc KoTopoii 3azact dyukmus bord f. Kax Bumnre, nzeitno Bce mpocto. OQHAKO
TeXHIYecKasl peayr3alyis OlICAHHOTO aJITOPUTMA CONEPKUT HEMAIO TOHKUX MOMEHTOB.

[L10cKOCTh, B KOTOPOH pacnojiaraiorest Touku OyThiiky KieiiHa, COOTBETCTBYIONIE OAHOI
TOUKe HallpaBJISTIONIEeH, MepIeHInKYJIIPHA K KacaTeJIbHON K HAIIPABJISIONIEH, TTPOBEEHHON
B TOUKE IlepeceueHnsl III0CKOCTH 1 HarpasJstionieil. CiieioBaTesbHO, YroJl HAaKJIOHA a T1J10C-
KocTh K oc X GyIeT OTJIMYaThest OT yria HakjJIoHa KacarenbHoil k ocu X f wa m/2. Kon-
KpPeTHOe BbIpaskeHne — o=1/2—¢ (ero MOXHO MOJIy4UTh, PEIUB JIEMEHTAPHYIO FeOMeT-
pHUECKyIO 3a1a4Ky ). Mbl MOKEM JIOBOJIBHO IIPOCTO OIIPEIEIUTD YTOJI HAKJIOHA KacaTeJbHON
f, Tak Kak M3BECTHO, YTO €0 TAaHTEHC PaBeH IIPOU3BOAHON (DYHKIIMU B TOUKE, K KOTOPOi
KacaTesibHas Oblia 1poBejeHa. TaHTeHe JKe yria HaKJIOHA IJIOCKOCTU OTPENETUTCS KaK
tg(o)=tg(m/2—d)=ctg(d)=1/tg(dp)=1/f'(t), tme f'(t) — npomsBoaHasT HYHKIIMH HATPABJISIO-
meil. OzHaKo KaK paccynTaTh 3HAUEHNE TIPON3BOHON (DYHKITMN HAIIPABJISAIONIEH, €CJIN OHA
3a/1aeTCSA CUCTEMOI TTapaMeTpUYecKIX ypaBHeHmit x=tr x(t) n z=tr_z(t)? Jlerko moxasaTnb
(nonpobyiiTe 910 caenaTs), uTo eciu Gyukuus f(t) omucpBaeTcss AByMs MapaMeTPUYECKH-
Mu ypaBHenusiMu x(t) 1 y(t), To ee MPOU3BOAHYIO MOKHO Bbiumcauth Kak {'(t)=y’(t)/x'(t).
C yueToM JJaHHOH 3aBUCHMOCTH YTOJI HAKJIOHA O IIJIOCKOCTH K OCH X MOYKHO BBIYMCJIUTD KaK
o=arctg(tr x'(t)/tr_z'(t)). 3amaaum Ha OCHOBAHWH TTOJTyYECHHON (HOPMYJIBI PYHKIIHIO:

i o)
o(t) :=atan a
d

—t t
dt A9

To, KaKk BBIYMCJIUTD YTOJI, IOl KOTOPHIM JIOJIKHA JIEKATH [JIOCKOCTh € TOYKAMU TTOBEPXHOC-
TH, COOTBETCTBYIOIIMMH HEKOTOPOI TOUKE HAIPaBJSAIONeH, Mbl pazoOpamuch. OQHAKO Kak
MOJKHO YHCTO TEXHUYECKH PACIIOJIOKUTH TOYKHU TI0 OKPYKHOCTH OIMPEAETEHHOTO Pajinyca
C TIEHTPOM B TIPOU3BOJIBHOI TOYKE MTPOCTPAHCTBA U HAKJIOHEHHOI K ocu X IO/ TIPOU3BOJIb-
HBIM yTI0M? UTOOBI OHSTE, KAK 9TO MOXKHO C/IE/IATh, Pa3bepeMest ¢ TAKUM BaKHEHIIINM TI0-
HATHEM KOMITBIOTEDHON TeOMETPUH, KaK MaTPHIIbI TPeoOpasoBaHmii.

Matpuliibl 1peodpaszoBaHuil O3BOJISAIOT OCYIIECTBISATD HAJl CUCTEMOI KOOPAMHAT, K KOTO-
POii OTHOCHTCS TOYKA, TaKue MOAMMUKAIIK, KaK IIEPEHOC, TOBOPOT, MACHITAOMPOBAHIE.
B obmiem ciyuae 1m1o06HbIe MOANGMUKAIIMN OMUCHIBAIOTCS CHCTEMaMK JIMHEHHBIX ypaBHe-
HUM, 1TOJTyYaeMbIX TIPU PENICHUH COOTBETCTBYIONIUX TeOMETPUYECKUX 3a1ad. /s mpumepa
TIPUBE/IEM CHCTEMY, OTIPEIENIIONTYI0 TOBOPOT CHCTEMBI KOOPANHAT BOKPYT OCH X Ha yTo 6:

x'=x
y'= y~cos(9) - z~sin(9)
7= y~sin(9) + z~cos(9)
31eCh: X, Y, Z — KOOPJMHATBI TOYKM /10 TIOBOPOTA CUCTEMbI KOOP/IMHAT, X', ', Z — ee HOBbIe

KOOpAMWHATDI.

Ecin Haj cucteMoil KOOpAMHAT JOJKHO OBITH IMIPOBEAEHO TOJIBKO OZHO MpeodpasoBaHiue,
TO BBIYMCJIEHUS TT0 (POPMYJIaM BIIOJIHE ITpuemsieMbl. OIHAKO €CJIi HY>KHO BBITTOJHUTE OTHO-
BPEMEHHO HECKOJIBKO NpeodpasoBanuii (a Tak OHO varie BCero u GbiBaer), To (hopMyJIbl T1e-
pexojia OT OIHOM CUCTEMBI K JPYTOii CTAHOBATCS KpaiiHe 'POMO3/IKUMU. BBIXOZIOM sIBJISIeTCS
UCTIOJTh30BAHNE MATPUYHON (DOPMBI TIpe/ICTaBIeHUS (POPMYJL.



B O6H.[€M BUAE CUCTEMY ypaBHeHHfI, OCYHICCTBJIAIOMIYTO ITEPEXO/L MEXK/Y ABYMS CUCTEMaMU
KOOpJIMHAT, MOKHO 3allMCaThb KakK:

x'=ax+by+cz+pl

y'=dx+ey+fz+p2

Z'=hx+gy+iz+p3
3necha, b, ¢, d, e f, h, g i— Hekoropbie koadduimentsr; pl, p2, p3 — cBOOOIHbIE YJIEHBI.
B MaTpuuHOM Buzie JaHHYIO CUCTEMY MOKHO MPEJICTABUTD CJAEAYIOIMM 00PasoM:

(xw (abcpl)
y|=|de fp2]|x

Lz’ h g i p3

<

N

Matpuiia 3x4 B IpUBEIEHHOM YPaBHEHUN — 3TO ¥ €CTh MaTPHIIA TIPe0OPas0BaHI IS TPEX-
MEpPHOH crcTeMbl KoopanHat. KOHKpeTHBIH ee BUJ /IS KAKIOTO TTPe0OPasOBaHUsT MOKHO
TIOJIYYUTD, IepeBe/isl B MaTpUUHyIo (hOpMy OTHCHIBAIOIIYIO €T0 cucTeMy ypasHeHuil. Hampn-
Mep, MaTPUILy OBOPOTa BOKPYT ocu X Ha yroJi 6 ajleMeHTapHO BBIBECTU U3 PACCMOTPEHHOIT
BBIIIIE CHCTEMBbI:

0 cos(G) —sin(@) 0
0 sin(@) cos(e) 0

Ecii Heo6xoanmo, 4To6bl 0/HA MAaTPHIla ONUCHIBAIA CPa3y HECKOJBKO TpeodpasoBaHmii,
TO OHa MOKeT ObIThb 3a[aHa MPOCTHIM [IEPEMHOKEHUEM MATPHII, OTBEYAIOIIUX 32 KaxkKIYIO
tpancdopmanuo. OnHako, yToObl HTO ObLIO BO3MOKHO, MATPHILBI IIPEOGPAZOBAHKN 10JIK-
HbI OBITH KBaJPATHBIMU (TO €CTh KOJMYECTBO UX CTPOK JOJKHO COBIAAATH ¢ KOJIUYECTBOM
cTos16110B). J1Jis1 BBITIOJIHEHMSI 9TOTO YCIOBHSI OHU JOMOJHSAIOTCS €lile OJHOM CTPOKOM. JTa
CTPOKa BBIGMPAETCS TaK, YTOOBI €€ HaJIu4Ke HUKAK He HOBJIMIO HEIOCPEACTBEHHO Ha 3a/a-
BaeMoe IpeobpasoBanue. B obuiem Buzie Torga o6o6IeHHoe ypaBHEHHe TIpeodpasoBaHust
CHCTEMbI KOOPJMHAT 3aIMIIETCS KaK:

x' abc pl X
y' de f p2 y
= X
z' h g ip3 z
1 000 1 1

B kavecTBe nprMepa MpuBeieM MaTPUILY, OTIUCHIBAIOILYIO OHOBPEMEHHO MOBOPOT CUCTEMbI
KOOPJIMHAT BOKPYT ocu X Ha yToJi O U cMellleHre ee TOUKU oTcueTa B Touky (x1, y1, z1):

0 x1 1 0 0 0 1 0 0 x1

0 yl 0 cos(@) —sin(e) 0 0 cos(@) —sin(O) yl
9

sin(e) cos(e) 0 0 sin(e) cos(G) z1

X
0 1 z1 0
LOOOlJ LO 0 0 1) LO 0 0 J

MatpuuHoe ymHOKeHHEe HeKOMMYTaTUBHO (AB#BA). ITo 03Havaer, 4To MOPSIIOK, B KOTO-
POM BBIYHCJISIETCS] TPON3BE/ICHIE MATPUIL, MeeT NPUHINIINAIbHOe 3HaueHne. Heseproe

1

(=]

0

—_

(=]
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3a/IaHNe M0CIeI0BATEIBHOCTH IIePEMHOKEHIS MATPUIL IIpeobGpasoBaHuil MOXKeET 1aTh B pe-
3yaIbTaTe TG0 TIOJTHOE OTCYTCTBHE O[HOM 13 TpaHchopMaIumii, 160 To, uTo oHa GyIeT IpoBe-
JleHa MHave, YeM 3ayMBIBaJIOCh (HaIlpUMep, IOBOPOT OCYIIECTBUTCS He 0 YacOBOIT CTpeJIKe,
a nporus Hee). Urobbl uzbeskarh MoAOOHBIX CUTYAIU, MATPULIBL IPEOOPABOBAHUN HYKHO
HepeMHOKATh B CJeAyOLel MoCae0BaTeIbHOCTI: TIePEHOC, MACIITAGHPOBAHIE, TIOBOPOT.

Matpuiibl 1ipeobpasoBaHuil MOKHO HAWTH B CHIEIUATBHON JIUTEPATYPE, KOTOPast €CTh Jajie-
KO He y BceX. [IoaToMy nmeeT cMbICT TPUBECTH UX. Te MAaTPUILbI, KOTOPbIE MBI HE MCITOJIb3Y-
eM rpu roctpoernn 6y Touikn KiteliHa, 6yyT BaM MOJE3HbI, €CJTH BBI PEITITE CAMOCTOSITETb-
HO HAPHCOBATh KaKyIO-HUOY/b 3aMbICIOBATYIO IOBEPXHOCTD.

Martpuiia nepenoca Touku otcuyera cucreMbl koopauHat u3 (0, 0, 0) B (X, Y, Z):

100X
010Y
001 2z
0001

Matpuna nsmenenus macimraba ocu X B scX pas, ocu Y — B scY pas, ocu Z — B scZ pas:

sceX 0 0 0
0 scY 0 O
0 0 sz 0
0o 0 o0 1
Marpuiisl oBopora Ha yroJ f orHocutessio ocu X (rotX), Y (rotY), Z (rotZ):
1 0 0 0 cos(¢) 0 sin((l)) 0 cos(d)) —sin(d)) 00

0 cos(e) —sin(9) 0 t o 1 0 of sin(9) cos(¢) 0 0

= Y: =
0 sin(¢) cos(¢) 0 " —sin(¢) 0 cos(d)) 0 0 0 0 10
0 0 0 1 0 0 0 1 0 0 01

3Hast po MaTpPHIbl TPaHCHOPMAIIIIA, MOJKHO, HAKOHEL], HAIncaTh 3azaiontyio Oytouiky Kieii-
Ha GYHKITHIO:

rot

1 00 tr x(t) cos(a(t)) 0 sin(oc(t)) 0 ) ( bord_f(t)-cos(a)

Fa.t) 010 O 0 1 0 0 || bord f(t)-sin(a)
a,t) = . .
00 1 trzt) || -sin(a(t)) 0 cos(a(t)) 0 0
000 1 0 0o 0 1 1

Cwpbica dynkimn F(a, t) noBosbHO 1mpo3paden. OHa cHauaia pucyeT OKpy>KHOCTb B ILJIOCKO-
ctu X0Y ¢ 1ieHTpoM B Havasie KoOpAUHAT. /7151 9TOro ncrosb3yeTcs cucteMa napameTrpudec-
Kkux ypaBHenui x=R-cos(a) n y=R-sin(a) (cM. mpaByio matpuiry B Beipaxkennu F(at)). Yron
a m3menstetcst ot () 1o 2-1. Pagnyc okpy:RHOCTH omperesisietcst 3HadenueM ¢ynkim bord f
pu TeKyIeM 3Havernn t. Korma okpy:KHOCT OyzeT HapucoBaHa, OHA TTOBOPAYNBAETCST OT-
HOCUTEJIBHO OcH Y Ha YTOJI, BO3BpallfaeMblil /71 gannoro t dynknueit o. [losBopot ocyre-
CTBJISIETCSI C TTIOMOIIBIO COOTBETCTBYIOIIEN MaTPUIlbl TpaHchopmalnii (CpeHsist MaTpuiia
B BeIpakeHun st F(a,t)). 3aTeM oCylecTBASETCS IEPEHOC OKPYKHOCTH TaKUM 00PasoM,
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4TOOBI €€ IEHTP COBIIAJ C TOYKON HAIPABJISIONIEH, OIPeAe/sieMOil TEeKyIUM 3HAYeHeM t.
[t aTOTO MCTIOIB3YeTCsT MaTpulla Teperoca (J1eBast MaTpuIa B Bolpaskennu /711 F(a,t)).
[Tpu Bbrumciaennu 3Hadenns F(a,t) B mpuBemennoil popme pesynbraToM GygeT BEKTOD
U3 YeThIPeX 2JIeMeHTOB. YeTBepThiii 2JIeMeHT — 9TO uncio 1, He Hecyliee HUKAKOH nHGOP-
Marun. [Toatomy ero nykno BbIpe3ath (€c/n 3TOTO He c¢JieslaTh, To ucxozas us F(a,t) ne no-
JIYYUTCS TIOCTPOUTD MOBEPXHOCTD).

F (a,t) :=submatrix(F(a,t),0,2,0,0)

Bot Temnepp peficTBUTETBHO BCe TOTOBO JJis TIocTpoenust 6yTouikn Kietina (puc. 16.12).

CreateMesh(F ] 211,0,11&5,(“),50,1000] CreateMesh(F ] 211,0,11&5,(“),50,1000]

7 7

Puc. 16.12. bBytbiika KneHa B oByx pakypcax

16.1.3. UHTepnonnposaHue B-cnnamnHamm

TPpy/aHO CIOPHUTH € TEM, YTO MHTEPIIOINPOBAHNE IKCIEPUMEHTATBHO 3aBUCHMOCTH KyOH-
YeCKUMU CliaiiHamu siBJisieTcs: Hanbosiee a(hHEKTUBHBIM U B TO Ke BPEMsI IIPOCTBIM METO-
JIOM COEJIMHEHMS TOUEeK TJIafkoi KpuBoil. OHAKO B HEKOTOPBIX CAyYasX TPAIUINOHHBII
QJITOPUTM IIOCTPOEHUSI CILIAIHA € MOMOIIBIO (DPArMEHTOB KyOMYeCKUX apaboJi Co CIIUBKOI
B TOYKAX OIBITHBIX JAHHBIX MOKET OBITh HEIPHUTOAHBIM [IJIsI PENIEHNST TOCTABIEHHBIX 3a/a4.
Ectit 06brambiit KyOuvecKuii CIuiaiti o TeM WJIH MHBIM TPUYHIHAM OYJIET He 0Y9eHb XOPOIIIO,
KaK BaM TOKa)KEeTCsT, HHTEPIIOJIPOBATH JaHHbIe, TO TOMPOOYIiTe HCII0Ib30BATH BO3MOKHOC-
T npubmkenust B-ciuiaiinamu Mathcad.

Jlst noctpoerust kpuBoii B-craitna B nporpamve Mathcad nmeercst crienmanbias GyHK-
st bspline(x,y,u,n). B o6rmeM, oHa mipesiHasHaueHa JIJIsk TOTO K€, YTO U OCTATbHBIE (DYHKIHH
cemeiictBa *spline, a MMEHHO: A1 BBIYUCTICHIS MATPUTIBI KO3(DDUITMEHTOB CO3/1aBaeMO-
TO CIJTaliHa, NCTIOTb3yeMOoll B KadecTBe mapamerpa s pyHknuu interp(s,xy,t).

OCHOBHBIM NMPUHIMITHATBHBIM OTJHMYHEM NMPUOIMKEHUS ¢ TIOMOIIbI0 B-cruraitnos ot mpo-
CTOI KyOMUIecKoii CrtaliH-uHTEPHOJISIUN ABJISAETCS TO, YTO Bbl CAMOCTOSITEIbHO MOJKETE
OIIPE/IeJINTh, 13 (hParMEHTOB IPaUKOB MOJINHOMOB KaKOT0 Mopsi/ika Oy/IeT cocTaB/IeHa Balla
uHTepToanpyomas Kpusas. Cienarh 9To MOKHO, 33/1aB COOTBETCTBYIONINM 00Pa3oM BEJH-
yuHy napamerpa n gyukuuu bspline(xy,un). Tak, eciau Bbl XOTUTE HPUOIUBUTH OTBITHYIO
3aBUCUMOCTbD JIOMAHOW JIMHUEH, TO onpesenute n Kak 1. Ecau BbI cunTtaeTe, 9TO OMBITHBII
3aKOH CcKopee mapabonndeckuii, mogoxure n=2, M, HAaKOHEeIl, €C/IM Bbl XOTUTE MPOBECTH Ye-
PE3 TOUKM JIaHHBIX KyOUYECKUH CIIaiiH, To N A0JEKHO ObITh 3a1aHO Kak 3.
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BTOpbIM OTIIIUMEM, CYIIeCTBEHHO PACIIMPSIIONMM BO3MOKHOCTH B-CILIAITHOB 110 CPaBHEHHIO
¢ OOBIYHBIME KyOUUYECKIMH, SBJISETCS TO, YTO BBl CAMOCTOSITEILHO TIPOM3BOIBHBIM 06Pa3oM
MOKeTe OTpeiesIATh TOUKH, B KOTOPHIX OY/IeT IPOM3Be/leHa CITMBKA PasINIHBIX (parMeH-
TOB KpuBOil. Kak BBI TIOMHNITE, TIPH TOCTPOEHNH ITPOCTOTO KyOUUIECKOTO CIIIaiiHa, (pparMeH-
ThI KpI/IBbIX CIINBAJINCh B CaMUX 3KCHepI/IMeHTaJIbeIX TOYKax. A 9TO HE BCeraa OHpaBI[aHHO,
XOTsd 6])1 B CBA3U C TEM, 4TO HpI/I 9TOM TOYKU AAaHHBIX OYE€Hb 4YaCTO OKaA3bIBAIOTCA TOYKaMUN
nepern6a MHTEPIIOIUPYIONIEil KPUBOIL, YTO 3HAYNTEILHO CHUKACT ee KOPPEKTHOCTD B CJIy-
Yae MCIOTb30BAHMS CIIajiHa B KadyecTBe (DYHKIIMHE MPOrHo3a. VHorna 6biBaeT ropasao ad-
(eKTHUBHee CIIUTH 371eMeHTapHbIe CIIAHBI T7ie-HUOYIb MESKIy 9KCIIepUMEHTATbHBIMI TO4-
KaMI: TIPH 9TOM Pe3yIbTUPYIONIas KPHBas Kyja Jydllle 0TOOPAKAET peanbHble TIPOIeCCH
(YTO OUEHD BAXKHO B TOM K€ MOJIEMPOBAHKIL).

Yro6bl [IPOBECTH CILIANH CO CHIMBKAME B TOYKAX, OTJIMYHBIX OT OIBITHBIX, BAM HYKHO OyIeT
3aJ1aTh BEKTOP, COJlepsKalNil NX KoopAuHaTHI 110 ocr X. [Ipn 3TOM TOUKM CIIUBKHU JI0JKHBI
OBITH PACCOPTUPOBAHLI B TIOPSI/IKE BO3PACTAHUSI, M 3HAYEHIE TIEPBOIT U3 HUX AOJIKHO OBITH
MeHbIITe TG0 PABHO BETHYMHE COOTBETCTBYIOIIEH KOOPAMHATEI JIEBOH KpaiiHel TOUKHI IKC-
[ePUMEHTAILHON BBIGOPKU (M COOTBETCTBEHHO MOCJIEAHsISI CIIMBKA J0JIKHA ObITh PACIIONO-
JKeHa TIpaBee ee Kpaiiteil IIpaBoi TOuKN (MJIN COBIIQZIATH C Helo)). Ecm BaM Hy»KHO TTOCTPOUTD
JIMHEHHBIN B-crutaiit, To CIIMBOK J0JKHO ObITh 3alaHO CTOJILKO JK€, CKOJIBKO UMEETCsT TO-
YeK B BEKTOpax AanubixX. [Ipu npubimskeHnn 3aBrucuMocTy (pparmentamu mapabosr, B BEKTO-
pe KOOPIMHAT CIMUBOK UX JOJKHO GBITH HA OHY MEHbIIE, Y€M UMEETCST SKCTTEPUMEHTAb-
HBIX TOYeK. V1 Ha IeJIbIX 1B TOYKH MEHbIIE, YeM MEETCS SJIEMEHTOB B BBIOOPKE, TIPUIETCST
OTIPEIE/IUTh B PACCMATPUBAEMOM BEKTOPE CHIMBOK B TOM CJlydae, €CJIM UCIIOJIb3yeMble
citaiinbel — kybudeckue. Keraru, npopospkenueM kybudeckoro B-crunaiina 3a npezenst 06-
Jacty mpubJIsKaeMbIX JIAaHHBIX OyzeT uMeHHO KyOudeckas napabosia (Kak Bbl IIOMHUTE,
B 3aBUCHMOCTH OT 33/IaHMsI KPAeBBIX YCJIOBUI, SKCTPAIIOJISAIN 32 TIPe/ie/IaMi SKCIePIMeH-
TAJIBHBIX TOYEK MOKET OBITh TPOBeIEna, B 00IIEM caydae, ToJauHoMamMu 1—3-i1 cremnenet).

Tak KaKk UHTEPIIOJIUPOBAHUE C IOMOIIBIO B-CILIaliHoB siBisieTcst TexHmdecku HoJiee Herpoc-
TOI1 3aj1aueii, YeM IIOCTPOEHUE KPUBOU IPUGJIMIKEHUS ¢ UCTIOIb30BAHUEM OOBIYHBIX (HYHK-
1uil KyGU4YecKoro CIuiaiiHa, To pacCMOTPUM ero 6oJiee 00CTOSITEIbHO.

1. CHauajia Hy’KHO OpPraHHU30BaTh OIBITHBIE JaHHBIE B BUJIE [BYX BEKTOPOB (3JIEMEHTHI BEK-
TOpa ¢ KOOpAMHATaMU 10 X JIOJKHBI OBITh OTCOPTHPOBAHBI 110 BO3pacTaHuio). UTo6b!
CyIIECTBOBAJIA BOBMOKHOCTh CPABHEHUST, UCIIOJIb3YEM [IJIsl TOCTPOEHUsI CILTaliHa Te Ke
NaHHbIe, 9TO U B Topasz. 16.1.2:

x:=(0.1 02 0.3 0.4 05 0.6 0.7 0.8) yi=(132-35320)]

2. 3amaem BEKTOp CIIMBOK 2JIEMEHTAPHBIX CTIIAHOB. Kak 6110 yKa3aHO BBITIE, 9TO CIETy-
€T CHIeTTaTh € YYETOM TOPSIAIKOB MPUOIIDKAIONINX TTOJTHHOMOB. MBI 5Ke TOTpobyeM otipe-
JICJIUTD BEKTOPBI CIINBKU JIJIA CITAHOB BCEX TPeX TUIOB (CPaBHUTE KOJNYECTBO dJIe-
MEHTOB BEKTOPOB):

ul:=(0 0.27 0.32 0.41 0.55 0.67 0.72 0.81)T
u2:=(0.09 0.25 0.35 0.45 0.55 0.65 0.87)T

u3:=(0 023 0.35 0.45 0.67 0.9)"

3. 3amaem mapameTpsl OyyIeil CrIaiiH-KpuBoi ¢ moMoIbio Gyrkmu bspline(xy,u,n), re
X 1 Y — BEKTOPbLI OIIbITHBIX JAaHHBIX, U — BEKTOP CIIMBOK, N — IIOPALOK UCIIOJIb3YEMbIX
HOJIMHOMOB. B Hairiem ciydae:



B1:=bspline(x,y,ul, 1) B2:=bspline(x,y,u2,2) B3:=bspline(x,y,u3,3)

Kak 651710 TIOKa3aHO B TIPEBILYIIEM MOAPA3/IeNe, PE3YIbTaTOM PaboThl OCTATBHBIX (HYHK-
il cemeiicTa *spline siBJsieTcs1 BEKTOP, TIEPBbIE TPU CTPOKKM KOTOPOTO CO/IEPIKAT CJIy-
sKeOHY10 MHMOPMATINIO Uit QYHKINMH interp, a Bce HUYKeIeKAIINe SIBJISIOTCS 3HAUCHUSIMU
BTOPLIX TPOU3BOJHDBIX CHJIafIHa B TOYKaX MaHHDbIX. PeSyJIbTaT xe, KOTOprﬁ BO3BpallaeT
(yukims B-craiina, ropasyio coskHee, TaK KaK OH SIBJSIETCSI HE BEKTOPOM, a BIIOKEH-
HBIM MAaCCHBOM. JTOT MACCUB COJIEPIKUT TPU IJIEMEHTA.

[TepBbie 2/IeMEHTHI TIPU 3aaHUH CTIIARH-KPUBOIT 000N cTemeHn GYIyT OMNHAKOBBI-
Mt 9710 1rdpa 4. OHa CIYKUT U1 TOTO, ITOOBT (DYHKIMST interp MorJTa OTpeeuTh, 4To
B JIAHHOM CJIy4ae Hy’KHO MCITOJIb30BATh QJITOPUTM COEIMHEHUS, TPEIHA3HAYCHHBIN /1151
B-cnnaitnos.

B10=4 B20=4 B30=4

Bo BTOpOM ajieMeHTe BIOKEHHOTO BEKTOPA, BhIuKc/sieMoro (yHkiueit bspline, pactosio-
JKeHBI K03(h(MUIMEHTHI TOTNHOMOB, TIPUOJIIKAOININX 3aBHCUMOCTD Ha KasKIOM U3 TIPO-
MexKyTKOB. OUEBH/IHO, UTO TAKUX MHTEPBATIOB OY/IET HA OJIMH MEHBIITE, YeM ObLIO 3a/IaHO
TOYEK B BEKTOpPe CIIMBKU. Kak/oMy 13 ajileMeHTapHbIX CITAHOB B MaTpuile Koahdu-
IIMEHTOB COOTBETCTBYET OTAENbHBIH cTOOe1. KommudecTBoO Ke ee CTPOK OTpeessieTcst
TeM, MOJMHOMbBI KaKOW CTEeTIeHU MCIIOJIb3YIOTCS TIPU MOCTPOEHUN UHTEPIIOIUPYIOlei
kpuBOii. Tak, ypaBHeHne KyOuuecKoi napaboJibl COAEpsKUT YeThbipe Koa(hUIneHTa, ce-
JIOBaTETbHO, B paccMaTprBaeMoii MaTpuile GyzieT ueTbipe cTpokn. HetpymHo moragarbest,
YTO MTPU MHTEPIIOINPOBAHUT KBaJPATHIHON Mapabosioil n mpsiMoii B Hell Gy/IeT cooTBeT-
CTBEHHO TPU U IBE€ CTPOKU. qTO6bI TIOATBEPAUTD CKa3aHHOE BBIIIE, TIPUBEAEM PACCYUTAH-
HBIE 110 HAIITUM JIAHHBIM MaTPUIIBI KO3(h(GUIMEHTOB AJII BCeX TPeX TUIOB (DYHKIINH
bspline:

B -1 26 14 41806 83.167 —-192.898 75.685
17 {20 -80 —42.5 93.611 —133.611 278.426 —94.606

-3.202 -23.152 162455 -236.818 100.515 -34.343
lez 53.03 212.626 84798 926.566 -300.101 114.848

—-110.101 —-429.293 1.086 x 103 —885.859 229.293 —-89.899

154.963 -399.584 776.279 —416.027 1.691x 103

B3 —2.901><103 4.332><103 —5.747><103 2.202><103 —7.233><103

1.653»><104 —1.492><104 1.388><104 —3.788><103 1.029><104

—2.91><104 1.648><104 —1.095><104 2.137><103 —4.869><103

B TpeTbeii cTpoKe BIOKEHHOTO BEKTOPA, BhuucyseMoro (yHkiueit bspline, pacrmosara-
eTCs MaTpHIIa, CofepsKaliasd 3HAUCHS TPAHUI] BCeX JeMEHTAPHBIX CIJIAlfHOB. 3amoJ-
HSETCS 3Ta MaTPHUIlA NCXOII U3 OTPEeIeIEHHOTO BaMH BEKTOpA CITUBOK, U B KAK/IOM ee
CTOJIOTIE COMEPIRATCS KPAITHIE TOYKY /TSI COOTBETCTBYIONIETO TIOJHHOMA. TaK Kak JieBast
rpaHuIia 0JHOTO (hparMeHTa IMOJNHOMA BCET/IA ABJISIETCS MPABOH 17151 IPYToro (B CULy
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HeTIPepLIBHOCTH CILIAfHA), TO IMATOHAIBHBIE JIEMEHTBI PACCMATPUBAEMOIT MATPHIILI COB-
A0,

HpI/IBe,Z[EM IIPpUMEP MaTPpHUILbl I'PAHUIL] 3JIEMEHTAPHDBIX CILIAITHOB AJIL Caydad MHTEPIOoJINn-
POBaHUA Ky6I/I‘{eCKI/IMI/I Hapa6OJIaMI/IZ

B3 0 023 035045 0.67
21023 035 045 0.67 09

OGpaTuTe BHUMAaHUE, 4TO, HECMOTPS Ha TO, YTO TOUEK B BHIGOPKE BOCEMb, Mbl OITPE/Ie/IH-
JIY TPaHUIIbI JIIIb HSATH UHTEPBANOB. 11opasMbIILIAiiTe, BCIOMHUB TO, O YEM MBI TOBO-
PUJIM B IIPOILIOM IIO[pa3/eie, IoYeMy MX Ha JBa MEHbIIE, YeM, Ka3alioCh Obl, JOJIKHO
ObITb.

4. 3amaem QYHKINY CIIANHOB C TIOMOIIBIO BCE TOU JKe BCTPOEHHOU (yHKimu interp(s,xy,t):
Al(z) :=interp(B1,X,y,z)  A2(z) :=interp(B1,x,y,z) A3(2) :=interp(B1,X,y,z)

5. Crpoum rpaduKu MoJydeHHBIX UHTEPHOJUPYIONX citaiinos (puc. 16.13). Tlpu uc-
MOJIb30BaHUN MeTofIa B-CcritaiiHoB, /uist GoJibInell KOpPeKTHOCTH Ha TpaduKe CTOUT OTO-
6pasuTh HE TOJIBKO KCIIEPUMEHTATIbHBIE TOUKH, HO U TOYKH, B KOTOPHIX ObLIA TIPOU3BE-
JieHa ciiuBKa (parMeHToB npubmKaomux moanHoMoB. CeiaTb 9T0 MOKHO OYEHb
IPOCTO, BHECST B HIJKHUH MapKep rpachideckoil 061acTit UMsT BEKTOpA CIITMBOK, a B Tpa-
BBII — pe3yJIbTaT BBIUMCJIECHHS IS 9TOTO BEKTOPA 3HAYEHNH (DyHKIINN cTTaiiHa.

LINEAR QUADRATIC CUBIC
4 1T 10
10
A1z) EAT) L3z
¥ 1 03 1 ¥ ¥
(el o] o0 T o0 7
B1gnly B 0.5 1 B30 0 ns
oo -uog oo oo
-0+ -10-+ -0+
z,%,ul T, ¥, ¥,

Puc. 16.13. VHTepnonupoBaHne B-cnnaiitHamu pa3nnyHbiX NOpsaKoB

[ToHsiTh NPUHIMIIUAIBHOE PA3JindUe [IPU UCHOJIb30BaHUU B-cruiaiinoB u GoJjiee mpocThix
METO/I0B NHTEPIOIMPOBAHUS MOXKHO, cpaBHUB rpacduk Linear puc. 16.13 ¢ puc. 16.2. C nep-
BOTO B3IJIsiIa B 000UX CJIy4asiX BbI, HABEPHOE, HE 3aMeTHTe 0C000i PASHUIIBI B JIOMAHBIX,
HOCTPOEHHBIX 110 JIBYM PasiidHbiM MeToAnKaM. OfHaKO, u3ydus ux 60Jiee BHUMATEILHO, Bb
YBUINTE, YTO TIPU IPUMeHeHNH (GyHKIN linterp mepesioMbl COBIIAIAIOT ¢ TOYKAMHU JAHHBIX,
a TIpy IPUOTIMKEHNN THHENHBIM B-CTIsTalfHOM OHU pacTiosiaralotTcst B TOUKaX CIIMBOK. AHa-
JIOTWYHAsT CUTYyaIs HabI0aeTcst U MIPU MHTEPTIOJSIIIUN TIAKIMI KPUBBIMH, TIPABLA, [PH
9TOM HY’KHO TOBOPHTH HE O [EPEJIOMAX, a 0 Iepernoax.

Kaxoit T WHTEPIOJIAIIY JIydllle UCTI0JIb30BaTh — Ha 3TOT BOMPOC BBI JIOJIKHBI OTBETUTD
HCXOs U3 COOCTBEHHOTO OIIbITA ¥ THIIA peraeMoii 3agaun. OgHaxko Hanbosee o0 coBeT
BCE JK€ MOXKHO JIaTh: CHavyaJa MompoOyiiTe MPUMEHNTh (QYHKIIMN MPOCTOTO KyOHUECKOTO
criaiiHa. B ToM ske ciryuae, eciii pesysibTaT ero paboThl Bac He YCTPOUT, TIOMBITANTECH MTO9K-
CIIEPUMEHTUPOBATD C MOPSIIKOM UCIIOJIb3YEMbIX TIOJIMHOMOB U TOYKAMU UX CIITUBOK C TIOMO-
1[I0 COOTBETCTBYIOMUX DYHKINI B-criaiina.



16.1. Vntepnonauma < 609

16.1.4. lsymepHas cnjiaiH-UHTepnonsauusa

Ecau BbI unTanu ri. 6, To IpejcTaBisieTe, Kakue BIEeYaT/IsION1e BO3MOKHOCTH OTKPBIBAET
Mathcad B o6mactu mocTpoeHns TpeXMepHbIX TPadGuKoB. M BOSMOKHOCTU 9TU, PABHO KaK
M aHAJIOrMYHbIe (PYHKIMK APYTUX MATEMAaTHYECKUX [TPOrpaMym, Bee Gosee u 6ojiee akTUBHO
[PUMEHSIOTCS HA IIPAKTUKE HE TOJIBKO JJIsI BU3YaIU3alUK KAKUX-TO TEOPETUYCCKUX BbIKJIA-
JIOK, HO ¥ JIJISl HATJISIJIHOTO TIPEJCTABICHUS PE3YJIbTATOB BCEBO3MOJKHbBIX HAYYHBIX U WHIKE-
HEPHBIX U3MepeHuii (Hanpumep, B Ae(GEeKTOCKOINN MCIOMb3YIOTCS TIOBEPXHOCTH, 0TOOpa-
JKAIOIIUE PE3yJIbTaThl CKAHUPOBAHUSA MArHUTHOTO MOJIsI HA [IOBEPXHOCTH jetann). Ecim ke
B TAKOTO PoJia 3aauax cpasy, 6e3 Kakoii-mbo npeaBapurebHoii 00pabOTKU JaHHbIX, 3aja-
BaTh MOBEPXHOCTD, TO U3-3a MOIPEIIHOCTH, U JA0BOJILHO GOJIBIIOI, OHA, CKOPee BCEro, ToJIy-
YUTCS COBEPIIEHHO He IVIaAKON U Kak Obl COCTaBIEHHON U3 OTIeNbHBIX poMGOB. EcrecTBen-
HO, 4TO Takue rpaduKi HEKOPPEKTHDI, U UX TPeOyeTcst KAKMM-TO 00pa3oM CIIasKUBATh.

[Toctpouts B Mathcad Ha ocHOBaHUH SKCIIEPUMEHTANBHBIX TAHHBIX TJIAIKYIO M POBHYIO TI0-
BEPXHOCTh MOJKHO OYeHb IPOCTO, 3a/eUCTBOBAB BO3MOKHOCTH MHOTOMEPHOU MHTEPIIOJIs-
. B obiiieM cirydae [ist 9T0ro CUcTeMa UCIIONB3YeT TY JKe UJIel0 0 KyOUdecKuX CluiaiiHax,
0 KOTOPO#1 MbI TOBOPUJIN B IIPEABIAYININX MOApasaeaax. A Tak Kak HUKAKUX 0COOBIX OTJIHYHH
B TEXHUKE UHTEPIIOJTUPOBAHUS CIJIAHAMU MEXKY ABYMEPHBIM U TPEXMEPHBIM CJIyUyaeM He
CyHI€CTBYET, TO OTAECJIbHO PACCMAaTPUBATh MEXaHMU3MbI, JIEJKall[€ B OCHOBE 3a/[aHUST HpI/I6JII/I'
JKAIOMIEH MOBEPXHOCTH, MBI HE OyIEM.

[TockosbKy TIPM UHTEPTIOAIMKI TPEXMEPHBIX 3aBUCUMOCTEN CYIIECTBYET MHOKECTBO TOH-
KUX TEXHUUECKUX JIeTasell, TO Hosee TIIyO0KO MOKHO M3YUHTh ITOT BOIPOC, PEMIast KaKyio-
HUOYb KOHKPETHYIO 3a1ady. Hampumep, TpoMOIeMpyeM MpoIece M3MEPEHUsT TaTINKOM
HEKOTOPOI BEJTMUMHBI B y3JIaX KBaJ[paTHON CETKM € PaBHBIM ITAaroM MO KakJAOMY M3 Ha-
TIpaBJIeHMH (Ha MPaKTUKe N3MEPEHNUS TPONU3BOIATCS MPAKTUIECKU NCKIIOUYNTEIBHO C TaKU-
MU XapaKTePUCTUKAMU CETKH PasOMeHmit).

Ecom BbI untasm 1. 6, TO, HaBepHOE, COTTACUTECD, YTO HANOOJIee TIPOCTHIM CITOCOOOM CO3/a-
uust B Mathcad MaTpuIrhl KOOPAMHAT JIJIST Y3JI0B CETKH, HA OCHOBE KOTOPOIT GyIeT mocTpoeHa
MIOBEPXHOCTD, SIBJISETCS MICIIOJIb30BAHNE IBYX PAHKUPOBAHHBIX ITEPEMEHHBIX. B Hatem cary-
yae MbI 33/IalNM KBaJPaTHYIO CETKY OT —5 JI0 5 ¢ PaBHOI BEJIMUMHON TI1ara 1mo 06enM Tepe-
MEHHBIM € TAKUM PAcyeTOM, YTOOBI BCErO B HEll ObIIIO 25 Y3JI08B:

ji=0.4 i:=0.4

X, =5+ sé Y, =5+ 5-%
-5 -5 -5 -5 —5) -5 250 25 5)
25 25 -25-25-25 -5 250255
X= 0 0 0 0 0 Y=|-5-250255
25 25 25 25 25 -5 250255
5 5 5 5 5 J -5 250 25 5J

[anee TpebyeTcst 3a1aTh MATPHUILY, COAEPKAIILYIO 3HAYEHMS U3MEPSIEMOI BETMUNHBL B Y3JI0-
BBIX TOUKaX. /[J151 9TOTO OTIpeiesnisieM 3aKOH, TI0 KOTOPOMY, B 3aBUCUMOCTH OT X 1 Y, U3MeHsI-
eTcst HeKoTopast xapakrepuctrka. MakTop MOTrperHocTH MOKHO TIPOMOIETNPOBATD, 3a/1€1i-
CTBOBAB OJIMH M3 eHePaTOPOB CIAYYallHbIX Yrcesl. B HalieM cirydae 1o GyaeT reHepaTop



paBHOMEPHO pacrpeeseHHbix eyt md(x). Ocoboe BHUMaHKe 0OpaThTe Ha UCIIOJIB30-
BaHNe WH/IEKCOB PAHKHPOBAHHBIX MTEPEMEHHBIX B PACCMATPUBAEMOM OIIPEICICHUN:

Z, | ::(Xi,j)2 + (Yi,j)2 + (Xi’j)z-md(0.0I) - (Yi’j)z-rnd(0.0I)
(49.897 31.347 25.086 31.487 49.984W
31.117 12.501 6.265 12.503 31.053
Z=|24852 6222 0 6211 24.861
31.029 12.527 6271 12.484 31.08
L49.907 31.401 25.163 31.467 50.112J

[TocTpouM 110 3alaHHBIM MaTPHIAM KOOPAMHAT MOBEPXHOCTh. B obiiem ciydae st aT0ro
HY’KHO OOBEIMHUTD UX B OJ[FIH MACCUB, UTO TIPOIIE BCEIO MOXKHO C/IE/IaTh, TPOIICAB UX NMe-
Ha Yepes 3anaTyio B KPYIJIbIX CKOOKaX B Mapkepe rpadudeckoit obaactu (puc. 16.14).

(LY.

Puc. 16.14. NoBepxHOCTb NCEBOOIKCMNEPUMEHTANBHOM 3aBUCUMOCTH

Paccmorpes rpaduk Ha puc. 16.14, Bbl, HABEPHOE, COMIACKTECH, YTO UCIIOJIL30BATh €ro 6e3
NPUOIIMKEHNST HEKOTOPOH TIAIKOI MOBEPXHOCTBIO BPSI/L I 11€J1eCO00PasHO. SHAUYMT, 110 OT-
HOIIIEHUIO K HEMY CTOUT IIPUMEHUTH BO3MOKHOCTU JiByMepHOi uuTepnossiuu Mathcad.

YT0OBI BHITOJHUTH MOCTABJIEHHYIO 3a/[a4y, CHAYA/IA, AaHATOTHYHO YK€ PACCMOTPEHHBIM

BbIIlIe METO/IaM JIBYMEPHOII CIUIAlH-MHTEPIIOJISIIIUK, TPeOyeTCs 3a/1aTh BEKTOP, COAEPIKAIIUii

YHCJIeHHbIE 3HAYEH S BTOPBIX TPOU3BOIHBIX CIJIAIHA B Y3JI0BBIX TOuKaX. CriesiaTh 970 MOXK-

HO C TIOMOIIIbIO OJIHO¥ U3 Tpex (pyHKIumii cemelicTa *spline:

Q (spline(Mxy,Z) — moBepXHOCTD OY/IET MOCTPOEHA M3 KyOMUIECKHUX CIUIAiiHOB, OJIHAKO €€ K-
CTPATIOJIMPYIOIIiee MPOOJIKEHNE GyIeT JTUHENHBIM;

QO pspline(Mxy,Z) — HOBEPXHOCTD U3 KyOUYECKUX CILIAHOB ¢ IapabOJMYecKUM IIPOLOJIKe-
HUeM;

Q cspline(Mxy,Z) — IpooJIKEHIE CITAITHOB MOBEPXHOCTH OyIeT KyOUUECKNM.

Ha mpakTrike 0661900 ucmosb3yetest hyHkiws cspline. Ha Helt ocTaHOBHMCS 1 MBI
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OueHb MHTEPECHBIMU, OJIHAKO W CEPhE3HO OrPAHUYMBAIOIIUMU BO3MOXKHOCTHU JIBYMEPHOM
WHTEPIIOSINY, SBJISIOTCS 0COOEHHOCTH ONpe/ieJIeHUsT mapaMeTpoB dyHKIimit *spline. Bee
7IeJI0 B TOM, YTO YCIIETTHO TaKyI0 WHTEPIIOIATIIIO MOKHO TIPOBECTH JIMTITH B TOM CJTy4ae, eciin
NCXOAHbIE JaHHBIE TI0 pe3yJJabTaTaM I/I3MepeHI/IIL/,I 3aHECEHbI B KBAJAPAaTHYIO MaTPUILy (TO €CTb
KOJIMYECTBO 3aMEPOB 110 KaxK/I0My M3 HaIllPaBJeHUil OIMHAKOBO). Taksxke 06s13aTeTbHBIM yC-
JIOBHEM ABJIAETCA TO, UTO IHIar 1o Ka?K[[Oﬁ 13 IIepeMEHHbIX B Ka)K[[Oﬁ OTAE/IbHOM PAAKE CET-
KW JI0JUKEH OBITh MOCTOSTHHBIM. Kpome TOro, HEKOTOpPbIE CI0KHOCTH MOTYT BOSHUKHYTh
B CBSI3M C JIOBOJIbHO HEOXKUAAHHBIMU ¥ CTPAHHBIMU TPeGOBAHUSAMHU K (hopMe 3a1aHusT 3HAUE-
HUI KOOPAWHAT 3KCIIEPUMEHTATBHBIX TOUEK IO OCSIM TIepeMEHHBIX.

[Tepsorit mapametp dyukimn cspline(Mxy,Z), oTBedalonuii 3a XapaKTePUCTHKN CETKH JKCIIe-
PUMEHTAJIbHBIX JAHHBIX, J0JEKEH OBITh OMPEIe/ieH Kak MATPUIIA pasMepHOCTU NX2, TiepBblii
crosiberr KOTOpoii COMEPKUT 3HAYEHUST X-KOOPAMHAT TOYEK, ONpPEIesIsIONMX CBOEro poja
IJIABHYIO INArOHAJIb CETKH, a BO BTOPOIl — COOTBETCTBEHHO MX KOOPAMHATHI 110 Y. VIMeHHO
9Ta 0COGEHHOCTD 3a/[AHsT PACCMATPUBAEMOTO [TAPAMETPA ¥ SIBJISIETCST TPUYMHO OTHCAHHbBIX
BbIIIIE OI‘paHI/I‘{eHI/II'/JI.

Tak Kak 0OBIYHO 3HAYEHMS KOOPAMHAT Y3JIOBBIX TOUEK CETKH, B KOTOPBIX MTPOUZBOIIINCH
M3MEPEeHNUsI, XPAHATC MO0 B BUE BEKTOPOB, MO0, Yallle, B BUAE MATPULL, I0A00HDBIX 3a/IaH-
HBIM HaMU BBIIIIE, TO JIJISI TOCTPOEHUST HHTEPIIOIUPYIOIIEH TIOBEPXHOCTH KaKUM-TO 00pasoM
TpebyeTcst OpraHu3oBaTh HEOOXOAUMYIO Uit GyHKIK cspline MaTPHUILy ¢ KOOpAWHATAMU
JIMarOHAIbHBIX 2JIeMEHTOB. B 060MX cydasx aTa 3aaya mpe/esbHO MPOCTO PEIIaeTcs Opra-
HU3AIMeN OIHOTO JINTIThH IUKJIA PAHKUPOBAHHON TTepeMeHHON (/I TNarOHAIbHbBIX dJIeMeH-
TOB KBaJPaTHOI MaTPUIIbl XapaKTEPHO PABEHCTBO MATPUUYHBIX UHIEKCOB). OObeINHNUTD Ke
3a/IlaHHbIE TAKUM 0OPa30M BEKTOPBI B OJIHY MATPHUILy MOYKHO € OMOIIIBIO CTIEIUATIbHON (DYyHK-
um augment(A,B), rme A — MaTpuia, KoTopast GyJeT pacrosoxkeHa crpasa, B — cooTBet-
CTBEHHO, TIPUCOEINHsIeMasl CIeBa MaTpHUIIA.

B namem ciyvae 3azaTh MATPHILy KOOPAMHAT AMATOHATBHBIX HJIEMEHTOB MOKHO CJEAYIO-
M 06pa3oM:

1:=0.4
R2i:: Yi,1 Rl1 = Xi,1
() (7] (22
2.5 2.5 -25 25
R1=| 0 R2=| 0 R :=augment (R1,R2) R=| 0 0

2.5 2.5 25 25

s ) s s s )

B kauectBe BTOpOTO 37eMenTa dbyHkimu cspline cienyer npornucarb UMsi MaTPUILbI 3HAUE-
HUI n3MepseMOl XapaKTepUCTUKK (B HallleM cJydyae aTo Matpuia Z):

S :=cspline(R,Z)

Pesyasratom pabotsl hyrkimu cspline Oyner BeKTOp, TPH MePBbIe CTPOKU KOTOPOTO SIBJISI-
10TCST CITYsKEOHBIME, & OCTATBHBIE COAEPKAT 3HAUYEHUST BTOPBIX MPOU3BOIHBIX [TBYMEPHOTO
CIIJIaifHA BO BCEX Y3JIOBBIX TOUKAX:

T 0 1 2 3 4 5 6 7 8 9
0 0 3 2| 1.79| 1945 21| 1974| 1.848| 2.049| 203
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[Tocsie TOro Kak BEKTOP BTOPBIX MPOU3BOAHBIX OY/IET CO3/IaH, MbI YK€ CMOXKEM HEOCPE]-
CTBEHHO 3a/aTh (DYHKIINIO TPHOIIIKAoIIel ToBepxHOCTH. CIeaTh 5TO MOKHO € TIOMOIIIBIO
BcTpoeHHON dynkimu interp(S,R,Zt) TouHO Tak ke, Kak B IByMepHOM ciaydae. EqnHcTBeHHAS
TOHKOCTb CBsI3aHa € TeM, YTO paccMaTpuBaeMast (PYHKIUS T0JKHA ObITh Olpe/e/ieHa Kak 3a-
BUCHMOCTb OT JIBYX 1tepeMeHHbIX. [IpocTo jke BBeCcTH uepe3 3amsaTyio nX UMeHa Ha MeCTo Tia-
pamerpa t HU B KOeM CJlydae HeJib3si — MPU 9TOM CHUCTEMA BBIIACT COOOIIEHHE O TOM, YTO
(DYyHKIIUS IMEET CJUIIKOM MHOTO apryMeHTOB. UToObI TPOM3BECTH 3alaHie KOPPEKTHO, Tie-
PEMEHHBIE JIOJIKHBI GBITh OTPEIETEHb B BU/IE BEKTOPA:

I(x,y) :=interp|S,R, Z,

Yro6bl Tenepb BU3yaJIn3upoOBaTh 3aJaHHYI0 WHTEPIOINPYIONLYIO TOBEPXHOCTh, UMS OITH-
chIBatolIei ee HyHKIMU TOJKHO OBITh BBEJIEHO B COOTBETCTBYIONIMI MapKep rpapuuecKoi
obsacTh. 3ajiaHHbIN TaKUM 00pasoM rpaduk OYIET SBISATHCS MOBEPXHOCTHIO OBICTPOTO TIO-
CTPOEHUSI. A 3TO O3HAYAET, UTO 3aBUCUMOCTH Oy/IeT 0TOOpakeHa It KBaJpaTHON 06aacTu
OT —5 710 5 TI0 06eNM TIepEMEHHBIM ¢ TaroM ceTku (.5 (To ecTh KOJMYECTBO ee y3JI0B Oyaer
aBTOMATHUYECKH YBEJINYEHO cucTeMont ¢ 25 1o 441) (puc. 16.15).

(L,V.2) I

Puc. 16.15. NoBepxHOCTb NCEBAOIKCNEPMMEHTANIBHON 3aBUCUMOCTM 40 NPOBEAEHNS
VIHTEPNONIMPOBaHUs (rpaduk cnesa) M NOBEPXHOCTbL, COOTBETCTBYIOLLAS UHTEPMONNPYIOLLLEN
dyHKUMN (rpadurk cnpasa)

CpaBHuBast OBepXHOCTH Ha prc. 16.15, HeIb3s1 He PU3HATH, YTO BO3MOKHOCTU MHOTOMEP-
Hol mHTeprniossiiin Mathcad saciyskuBator Bestueckux moxsad. JleficTBUTENBHO, CHCTEME
YIQJIOCh [0 HAIUM 235 9KCIIEPUMEHTAIBHBIM TOYKAM, BEIYMCIEHHBIM K TOMY K€ € HEKOTO-
POit TIOTPEITHOCTBIO, TIOCTPOUTH aGCOMOTHO TIAJKUN W TIPABUILHBIH TTapabostons (171 4ero
pr OGBIYHOM 3aIaHIK TPeOYETCsT o KpaiiHell Mepe HECKOJIBKO COTeH Touek). Ere myure
OIIEHUTb BO3MOKHOCTH JIBYMEPHON CIJIAH-UHTEPTIOJSAIINN TT03BOJISIET 3a/JaHue He TIOBEPX-
HOCTel, a KOHTYpHbIX rpadgukos (puc. 16.16).

Ecom BBI He orpannunBaeTech 0TOGpaKeHUEM MHTEPIIOINPYIOIIEH TTOBEPXHOCTH B 06JIACTH
HKCIIEPUMEHTANBHBIX JTAHHBIX, & COOUPAETECH €€ MCIOIb30BATh JJIST SKCTPATIOJSIIH OITBIT-
HOW 3aBUCUMOCTH, IPUHIIMITHAIBHBIM YCJIOBUEM yCIeXa SBJISETCs IPAaBUIbHBIN BEIOOD THIIA
HOJIMHOMA, TIPOJOJDKAIONIEro ciiaiin, Tak, Hanpumep, B c/iydae Haiero napabosionaa Hau-
6oJsiee KOPPEKTHBIN rpaduk, mpu ero noctpoennu B npeaenax or —10 o 10 o obenm mepe-
MEHHBIM, TTOJIy4aeTCsl IPU TPUMEHEHUY [IJIs1 33/IaHUsT BEKTOPA BTOPBIX MTPOU3BOIHBIX (DYHK-
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i pspline. Eciint ske BbI periimTe UCIob3oBaTh JMHERHOE TPOJI0JIKeHNe CIiiaiiHa ((hyHKIus
[spline), To opma moBepxHOCTH OyzZET BechbMa Janeka oT Tpebyemoii (puc. 16.17). Onpene-
JIUTD 3Ke, KAKOW TUII IPOJIOJIKEHUS JIYUIIIe BCETO MOXO/IHT JIJIsT IAHHOTO JIByMEPHOTO CILTali-
Ha, TIPOTITEe BCETO MOKHO, CDABHUB Pe3yIbTaT PAOOTH BCeX Tpex (GyHKIHMi cemeticTa *spline.

L 20710?20 3 N /’m\w 0
10
(

10 20
" 1o 1 " k
10
an a0
20 an
2 o 10
] el —/
20 1 10
4 ” \/gn 4 -4 = gnu_zn
1] il 40 ] il 40
T T T T T T T T T T
-4 - 0 2 4 -4 - 0 2 4
(EY.Z) I

Puc. 16.16. KoHTypHbIn BapuaHT npeacTaBieHHbIX Ha puc. 16.15 rpadumkos

QUADEATIC LIMEAE

I 11

Puc. 16.17. Bug vHTepnonupyoLleil MOBEPXHOCTU B 3aBUCUMOCTM OT BbIGOpa Tuna nosvmHoma
MPOAOIKEHMS

16.1.5. NMpoBepaeHue maremaTn4eckmnx onepauumn
Hap, MHTepnonnpyrowmmMmmn GyHKUUaSmm

DyHKIUKU, THTEPIIOJIUPYIOIINE IKCIEPUMEHTAIbHbIE JAHHbIE, SBJSIIOTCS HEIPEPHIBHBIMU.
ITO O3HAYAET, YTO MO OTHONIEHUIO K HUM MOTYT ObITh MCIIOJIb30BaHbI T€ JKe MaTeMaTuiec-
KKe MpeodpasoBaHust, YTO U K TAKUM <OOBIYHBIM»> (DYHKIHSAM, KaK CHHYC WJIH JIOrapudM.
Yare Bcero sKCIepUMEHTATBHYIO 3aBUCHUMOCTD TIPUXOAUTCS MudGEpeHITPoBaTh, HHTET-
PUPOBATD, OIIPEAETIATH €€ IKCTPEMYMbL. IIpoJeMOHCTPUPYEM Ha IpUMepe, KaK 10A00HbIe
oreparuy MOTYT ObITh TIPOBEJICHBL.
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IlycTb B pesysbTaTe 9KCIEPUMEHTA ObLIM TOTyYeHbI CJCIYIONINe JAHHbIE:

x=(0051152253354455 55665 7)T

y:=(0.1 02 0.6 2.1 6.1 94 104 10.5 10.6 11.5 145 16.7 17.4 17.6 17.7)T

WurepriosiupyeM ganubie Kyoudeckum cruiaiinom (puc. 16.18):
s :=cspline(x,y)
I(z) :=interp(s,Xx,y,2)

207

I[=z)

10
oo

Puc. 16.18. SkcnepuMeHTasbHble TOYKN 1 MPOBEAEHHbIN Yepes HUX KyOUYecKuin cnnaiiH

[TocTpoennas HaM1 WHTEPITOAUPYIOMIAS KPUBast BIOTHE YIOBJICTBOPUTEIHHO OTMCHIBACT K-
crieprMeHTasTbHbIe TOUKH. OIHAKO Ha MPAKTHKE YaCTO BOSHUKAET HEOOXOMMMOCTD U3BJIEUD U3
TOJIyY€HHOM 3aBUCUMOCTH HEKOTOPYIO MH(MOPMAITUIO: HATIPUMED, BEIYNCIUTH 3HAUCHHUE U3Y-
YaeMoro TIPU3HAKA B TOYKAX Teperrba (hyHKIIMN WM ONPE/IETNTh, KAKOe 3HAUCHWE TIPU3HA-
Ka MOSIBJISIETCST B BBIOOPKE ¢ HAMGOJIBIIEH BEPOSTHOCTHIO. 3a4acTyI0 TPOAHAIN3NPOBATH
HKCTIEPUMEHTANTHHYIO 3aBUCUMOCTD OBIBAET 3aTPYAHUTEIHHO, TIOATOMY T TIOBBITIEHUST
«paspernraionieil CrrocoOHOCTHy WHTEPHOJIUPYIONIeN KPUBOil mprberaior k ee auddepemim-
poBanuio. Pagymeercst, B IJAHHOM CJly4ae OHO MOKET ObITh IIPOBEACHO JIUIIb YUCICHHO, [0~
CKOJIbKY HNCXO/IHAS 3aBUCUMOCTD He SABJIAeTcs aHanmutudeckoit (puc. 16.19).

der(z) := d I(z)
dz

der(z) 57

Puc. 16.19. CooTBeTCTBytOLLAA IKCNEPUMEHTANBHOM 3aBMCUMOCTY AnddepeHumanbHas Kpusas
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[Tocae nuddepeHIMpPOBaHUS OMPEAETUTh aOCIUCCH TOUEK TIeperuba cTajo HaMHOTO MPo-
111e, TIOCKOJIBKY OHU JKe SBJISIOTCS KOOPAMHATAMU BEPIITHH TIITKOB 110 ocH X. BrrancamTp Max-
CUMYMBI TTHKOB MOKHO, 33/IeHiCTBOBAB (DYHKITUIO maximize:

z1:=2 z2:=14

maximize(der,z1) = 1.876 maximize(der,z2) = 4.841

O6paTuTe BHUMAHWE, 15T TPUOMMKEHUs z=5 (MCXoist u3 TpaduKa, BTOPOH MaKCUMYyM J0JT-
JKEH PacIioyiaraThCs B OKPECTHOCTU ATOH TOUKM) (DYHKIINS Maximize ompesiessieT To ke To-
JIOJKEHNE MaKCHMYMa, UTO U JI7Ist z=2 (4TO HEYANBUTENHHO BBUIY €T0 GOTBITEH BETMIUHBI ).
Yr100bI 9TOr0 U3beKaTh, HYKHO YBEIUUUTH IPUOIVZKEHUE — 3aMEThTE, B IAHHOM CJIy4ae OHO
Jla’ke BBIXO/IUT 32 PAMKH pacCMaTPUBAEMOTO UHTepBaa.

Ecim tpebyercs onpenennTh 3HaueHNE TTPOU3BOAHOIN B HEKOTOPOH TOUKE, TIPOCTO 3ajaiiTe
ee KOOP/IMHATY X KaK apryMeHT COOTBeTCTBYomIell dyHKIwi. OmnpenesanM, HapuMep, BeJIu-
YUHBI MAKCUMYMOB TTHKOB:

der(1.876)=8.767 der(1.876)=8.767

Bo MHOTHX MPaKTUYECKUX 3a/[a4aX BO3HUKAET HEOOXOMMOCTbD MOJICYUTATH TIOMIA/(b, Orpa-
HUYEHHYIO 9KCIIEPUMEHTAIbHON KPUBOII MU COOTBETCTBYIOMIEH eil nuddepeHimanbHoit
kpuBoil. B Mathcad atu ssemMeHTapHbIe ONMEpanuy MOKHO MPOBECTH C TIOMOIIBIO CPEICTB
YIICJICHHOTO MHTETPHUPOBAHMS.

B namem ciyyae mroniaan, orpaHUYeHHbIe dKCIIEPUMEHTAIbHON KpuBoit 1(z) n mocTpoen-
HOI1 Ha ocHoBanuu Hee auddepenuanbuoil kpusoii der(z) na unrepsase [0; 7], paBHb:

7 7

I(z) dz = 68.247 der(z)dz=17.6
0 0

Ente 60s1ee TpyI0EMKIM 10 CPAaBHEHUIO € TIOCTPOEHUEM AN depeHIaIbHO KPUBOH SIBJIsI-
eTcsl IoCTpoeHne KprBoil nHTerpasbioil. OnHako B Mathcad sty 3agauy permurs oueHb mpo-
cto. ITokaxkeM, Kak MOKHO MTOCTPOUTH MHTETPATBLHYIO KPUBYIO, OCHOBBIBASCH HA (DYHKIINH
der (oueBUHO, 4TO (hopMa MHTETPATLHON KPUBOH MPU 3TOM OJKHA COBIACTD ¢ (hopMOii
JKCIIepUMEHTATBHON 3aBucuMocTn) (puc. 16.20).

P
Int(p) := der(z) dz

Int( )

10
¥
[ 8]

0 2 4 & 2
P.x

Puc. 16.20. ViHTerpanbHasi kpuBasi, NOCTPOEHHas Ha OCHOBaHUN AnddepeHumanbHOM KpUBOi
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16.2. NpepckazaHve noseaeHNa GyHKLUN

Ha npakruke 04eHb 4acTO BO3HUKAET 3a/a4a pecKasaHus rnosenenus GyHkuuu «B Oy-
IYIIeM»> UJIN <TIPOTIIOM» Ha OCHOBAHWW JAHHBIX O ee MOBEJACHNN Ha KaKOM-TO OTpPe3Ke.
K mpumepy, eIl psiji InCcIeHHBIX METOOB MOy PA3BUTHE B CBSI3U ¢ HEOOXOIMMOC-
THIO TIPE/ICKA3AHNS M3MEHEHNH Ha BAIOTHBIX PBIHKAX U PBIHKAX IeHHBIX Oymar. Boobie-To,
KaueCTBEHHBI TIPOTHO3 TAKOTO POJia MOKHO JIaTh JIMIIb B CJIy4ae, €CJIN 3aBUCUMOCTD CTaIlH-
OHapHa, TO eCTh OIMCHIBAIOIIII ee 3aKOH He M3MEHSIeTCsl BO BpeMeH!. PeasibHO ke BcTpeya-
10TCS1, KaK [IPABUJIO, HECTAIlMOHAPHbBIE 3aBUCHMOCTH, COJIepsKalliie K TOMY Ke HeMaJIylo CIIy-
YaliHYIO COCTABJISIONLYIO, OOYCJIOBJIEHHYIO, B YaCTHOCTH, OrPEITHOCThIO. [0 310l npuynte
YHUBEPCAJIBHOTO METO/Ia IIpe/IcKazanus oBeeHns HyHKIM He cyiiectByeT. OHAKO ecaun
3aBHCUMOCTH MOJKHO XOTsI Obl IPUGJIMIKEHHO CYUTATh CTAIMOHAPHOU (HAlpuMep, 110 Mpu-
YHHe Y30CTH MHTEepBaja JaHHbIX, Ha OCHOBAHUN KOTOPOTO IMTPOU3BOAUTCS MpeCcKa3anne),
TO TIPECKA3aHKE ee IOBEACHUS B OKPECTHOCTU HHTEPBaIa HaG I0CHUsI CTAHOBHUTCS JIOCTYII-
HOM /U151 pelleHns 3ajadeil.

[TpocTeiinM TUIIOM TIpeCKa3aHusl MOBEAEHNs 3aBUCUMOCTH SIBJISIETCS SKCTPATIOMSIINS
3a CYET NMPOAOKEHNST MHTEPHONpyIonero moaunaoma. C moaMHOMUATBEHONR SKCTPANOISI-
el ¢ MOMOIIbIO MPOJOJIKEHNI CILIAIHOB MBI YK€ TI03HAKOMIINCH B IIPEABIYIINX Pas3/ie-
nax sToi rrasbl. OIHAKO BB, HABEPHOE, COTJTACUTECH, YTO TAKON THII TIPEACKA3aHU IS Pe-
IIEHUST pealbHbIX 3ajad MOKET ObITh MOJIE3EH HE BCETJa, TaK KaK OH sIBJAeTca Gojiee Win
Meree 9pMEKTUBHBIM JIMIIb B TOM CJIydae, eCJIM 9KCTPAIIOJMPyeMble TaHHbIe 3a1aI0TCs 110~
JIMHOMOM HEBBICOKOH cTenenu. Ecim ke nccienyemMast 3aBUCMMOCTD IIEPUOANYECKAS UK
CKJIOHHA K OCIJLIALMU, TO IPUMEHEHKe II0JIMHOMHAIbHON dKCTPANoIALMU abCOMIOTHO
6eCCMBICJIEHHO.

Ecan IKCIIepMMEHTa/IbHasA 3aBUCUMOCTDb BEIECT CE6H IIPOCTO, TO MOJKHO ITIOIIBITATBCA IIOJ0-
6paTh XOPOIIO OIMUCHIBAIOLIEE €€ AHATUTUICCKOE BhIPaKeHue, KOa(DMUIUEHTbI KOTOPOro
3aTeM MOXKHO Oy/IET HANTH TIOCPEICTBOM PETPECCHBHOTO AHATN3A. Y BbI, HO C/IEJIATH ITO MOXK-
HO flasieko He Beeraa. K mpuMepy, KpuBasi Kypca BaJIOThI MPEACTABISIET cOOO0I He TIAIKYI0
KPUBYIO, a JINHUIO ¢ HETIPEPBIBHON YepPeioil OCTPhIX MUKOB U Pa3ioMoOB. EcTecTBEHHO, UTO
OIMCaTh TaKyI0 3aBUCHUMOCTDb KaKMM-TO ITPOCTBIM BBIPAKEHHUEM HEPEATbHO.

OT/ieTbHBIE YMCTEHHBIE METOBI TIO3BOJISIIOT OCYTIECTBISITH OoJiee ahheKTUBHOE, YeM TIPH
UCTIOH30BAHUH TTOJIMHOMOB, MTPE/ICKa3aHe TIOBEIEHNST PA3HOOGPasHBIX 110 (hopMe 3aBUCH-
MocTeil. [IpuHIUT ux paboThl OCHOBBIBAETCS HAa aHAJIN3€E MOBEAEHIS 3aBUCHMOCTH B He-
CKOJIBKUX €€ TOYKAX, a HE TOJBKO Ha KPAsiX MPOMEKYTKA HKCTIEPUMEHTATBHBIX TAHHbBIX, KAK
B CJTydae MPUMEHEHMsSI B KAUeCTBE TIPOTHO3HBIX KPUBBIX TIPOIOJIKeHMIA cruiaitioB. B Mathcad
(yHKIMEH, peau3yIoliell O/IMH U3 AJITOPUTMOB TIPEICKa3aHust (METO/[ IMHEHHOTO MPeICKa-
3anus bepra (Burg)), siBisieTcst Berpoernas dbynkims predict.

OcHoBoroiaraonas ujest BCeX METO/IOB JIMHEIHOTO Npecka3anus npocra. [lycts Ham u3-
BecTHO N 9KCIepUMEHTAIbHBIX TOUEK U HeoOXOAUMO IIPEeCKas3aTh, Iae okaxercsa N+1 Tou-
ka. ByzeM cunTath, 4To KaskAas Mocjaeayolas Touka MoKeT ObITh Ope/ieieHa, Kak JuHel-
HOe codeTanne M IpeAbIIy X TOUeK: Y, =a,Ta,Yy oy Yy vy Ty Yy Heobxommmo Haiitu
ONTUMaJbHbIE KOA(D(DHUIMENTHI a,...a,,, AHATUZUPYS TOBeJieHne (DYHKIIMN B U3BECTHBIX TOY-
kax. O TOM, KaK 9TO JIeTaeTCs, MOXKHO ITPOYNTATH B KHUTAX 110 YNCTIEHHBIM METO/IaM. MbI JIUTITh
OTMETHUM, UTO TO, YTO MeTO]l bepra OTHOCUTCS K TPYIIIe METOOB JUHENHOTO MpecKas3a-
HUI, ellle He 3HAYUT, YTO OH TIOJXOIUT JIUITH JIJIT TIPEACKA3aHUS TTOBEIEHUST TMHEWHBIX 3a-
BucuMocTei. JJaHHbIi MeTO/| ClIoCOOEH NPeCKa3biBaTh MOBEACHIE EPHOIUYECKUX U OC-
IAJTHPYIONIAX 3aBUCUMOCTEN Ha IPOMEKYTKE 3HAUNTETEHO HoJree MNPOKOM 0 CPABHEHITO



16.2. MNMpenckasaHue nosegeHusa GyHkumn < 617
C IPOMEXKYTKOM, HAa KOTOPOM XOpoliiee TIpe/icKa3aHue AaeT MOJNHOMIATbHAS 9KCTPAIIO-
JISATINSL.

Oynkius predict(y,m,n) TpeGyeT 3aanust CIEAYIONMX MapaMeTPOB:

O y — BeKTOp SMIUPUIYECKUX 3HAYCHUN MCCIIeyeMOI 3aBUCUMOCTH 110 ocu opauHat. Oco-
6eHHOCTD anropuTMa Bepra sakitouaercss B TOM, UTO TPEICKa3aHue OH JIeJaeT TOIbKO
Ha OCHOBaHUH y-KOOPJAMHAT BLIGOPKH (IIPU HTOM MOAPA3yMeBAETCsI, 4TO Iar 1o ocu abe-
IMCC TIOCTOSTHEH );

Q m — KoaM4ecTBO OJMKAMIIMX K MPaBOd TpaHuIile BBIOOPKU TOYEK, Ha OCHOBAaHUU KOTO-
PBIX IIPOBOAUTCS IIPEJCKA3AHUE;

O n — KOJMYECTBO TOYEK B IPOCUNTHIBAEMOM BeKTOpe TiporHosza. Cam 1o cebe metox Bepra
JIaeT BO3MOKHOCTD IPEACKA3aTh 3HAUEHNE TOJBKO oxnoi Touku. Ho dymkuus predict
HCIIOJIB3YET TIO/IXOJl «CKOJIB3SIIEr0 OKHAY: MOJyYUB HA OCHOBAHUU M 9KCIIEPUMEHTAIb-
HBIX TOYEK Ipejickazanue st N+1-if Touku, ciefyioliee 1pecKa3anie pacCYnThIBAET-
cst ¢ yaetom atoit Touku. CoorBercTBenno, N—M-s1 Touka B pacueTe ysKe He y4acTBYeT.
Ecam n BemKo, TO 9acTh TOUEK BIIOJHE MOKET GBITH paccunTaHa He3 MPSIMOTO YIaCTHsT
IKCIIEPUMEHTATLHBIX JIAHHBIX.

C momomipio pyHkmu predict MOKHO TTPOBOANTH MOBOJBHO 3(PHEKTUBHOE TIpeicKa3aHe
TTOBEICHUS HETIPEPLIBHBIX W TJIAKUX MEPUOANICCKUX MJIN OCIFIITUPYIOMUX GyHKIMA (071-
HaKo 0OGBIYHO B OTHOCUTEJBHO HENMPOKOH obmactn). Hampumep, mompobyem mpeackasaTh
MoBeJIeHe KPUBOW 3aTyXatonux Kosebanuii. JIJist aToro mpesk/ie BCero 3aaaiinM BEKTOP U3
y-koopauHar ee 101 Toukn Ha npomeskyTke oT 0 10 37, O6sI3aTeIBHBIM YCIOBUEM KOPPEKT-
HOTO UCIOJb30Banust GhyHkimu predict siBJsIeTCS TO, YTO AT U3MEHEHUS [IEPEMEHHOI TTPU
OTIPEIEIEHUH BEKTOPA JIAHHBIX J0JIKEH ObITh CTPOTrO MOCTOSHHBIM. QUEeBUIHO, YTO CAMbBIM
[POCTBIM CIIOCOOOM OPraHU3aIMU TAKOTO BEKTOPA SIBJISIETCS. UCIIOJIb30BaHKe PAHKUPOBAH-
HBIX TIePEMEHHBIX:

N = 100
n:=0..N
- Xy
n 5
X 1= 3n-§ y,=¢ -Cos (xn)

Jlasiee 3aaiuM BEKTOPBI TIPEACKa3at s ¢ TToMOIIbio hyHKImu predict. YTo6ObI cpaBHUTH CTe-
MeHb BJIMSHUS KOJUYECTBA aHATM3UPYEMbIX TOYEK BBIOOPKU Ha Ka4eCTBO MPEACKA3aAHUS,
OTIPe/IeJIUM CPasy TPU BEKTOPA IPU PA3IMUHBIX 3HAYEHUSIX ITapaMeTpa m. PasMepHOCTD ke
9TUX BEKTOPOB 3aaIUM, Harpumep, Kak 150:

N N
Ex:=predict y,E,ISO Ex2:=predict(y, N,150)  Ex3:=predict y,;, 150

[Tocsie 3ajauust BEKTOPOB IPUOIMKEHIIT MOKHO IIOCTPOUTh COOTBETCTBYIOLIUE rpadu-
ku (puc. 16.21). TIpu aTOM TIepeMeHHast [T BEKTOPOB SKCTPATIOSIIINI MOKET OBITH OTpe-
fiesiena mpubaBIeHeM K BEKTOPY X COOTBETCTBYIOMIEH KOOPANHATHI KPAHETO 3HAUYEHUST
B BbIOOpKe. B mamem ciydae ato 3m. Takoil moxo/1 OmpaBabIBAETCs TEM, YTO TIPH TTOCTPOe-
HUU rpaduKa MBI TOJDKHBI YIYUTBIBATh, YTO GyHKINA predict BBIIaeT TOYKN 9KCTPAIION-
IIUU C TEM PAcueTOM, YTO IIar MeKIy HUMHU TaKOH ke, KaKk MeKIy X-KOOPAMHATAMHU BbI-
GOPKHU.
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Puc. 16.21. NpeackasaHme NoBeaeHNss OCUMANMPYOLWENn GyHKUMN

Buumarenbio n3yuns rpacdukn Ha puc. 16.21, BbI, HaBEPHOE, COTIIACUTECDH, UTO TIPEJICKa3a-
HUe€ TTOBe/IEHUST 3aBUCUMOCTHU ¢ ToMotibio (hyaKinn predict 10BosbHO adderTnBHO (¢ yue-
TOM crenudUKI BOIPOca), OJHAKO JIUIIb Ha 04eHb HEOOJBIIOM OTpPe3Ke TpaBee KpalHei
TOYKHN BBIGOPKH. UeM Ke asIbiiie paciolokeH (hparMeHT MpUOIKaroIeil KpUBO OT TOUEK,
HAa OCHOBAHMM KOTOPBIX IIPOBOJINTCS MIPE/ICKA3AHKE, TEM B MEHbIIIEll CTeIeHH, CKOpee BCeTo,
OH GyJIET COOTBETCTBOBATH PealbHOMY MOBEJIECHHUIO 3aBUCHMOCTH.

K BE€CbMa MHTEPECHOMY U HEOXKNJIAHHOMY BBIBOAY MOKHO HpHﬁTH, AHaJIM3UPys BJIAUAHNE
KOJIMYECTBA TOYEK BBIOOPKU, HA OCHOBAHUM KOTOPbIX IIPOBOJUTCS MpPENCKA3aHUE, HA TOY-
HocTh TtocseiHero. Kasamock 6bl, uem Gosibliie Touek 06pabaThiBaeTCsl, TEM TOYHEE JI0JIKHA
OBITH MHGMOPMAITHST O TIPOIOJKAEMON KPUBOH 1 TeM Gostee GiM3KiM GyzieT rpaduk sKCTpa-
TOJIUPYIONIEN KPUBOH K peasibHON 3aBucUMOCTH. OIHAKO, TJISA/IS HA TIPUBEIeHHbIe TpaduKy,
MOKHO OOHAPYsKHTh, YTO TAKOM MPSMOIT 3aBUCUMOCTH HE CYIIECTBYET: B CIydae 06paboTKu
BCEX TOYEK BBIGOPKU TIPHOJIKAOIIAST KPUBask OUeHb OBICTPO BO3PACTAET, Yero He HabIio/a-
€TCsI TIPU aHAJIN3€e MTOJIOBUHBI 9KCIIEPUMEHTAIBHBIX TOUEK.

Yermex aKCTpanosIuu 09eHb CHJIBHO 3aBUCUT OT TUIIA MICCIeAyeMoil 3aBucuMocTu. Jlydrie
BCETO Y/IAeTCs MPe/ICKa3aHue OBeIeH s HECTOKHBIX repuoindeckux dynkiuii. Takue mpo-
cTble QYHKIUU, KAaK CHHYC WJIN KOCHYC, KOPPEKTHO MPO0JIKatoTest hyHKiueii predict mpaxk-
THUYECKU Ha CKOJIb YTOJHO MMPOoKoM mHTepBajie (puc. 16.22). [loBenenne HeMepuoamyecKimx
(hyHKIMiT TIpE/ICKa3bIBAETCS HAMHOTO XY3Ke, JIaKe eCJIi 9TO TaKKe MPOCThIE MO BU/LY 3aBHCH-
MOCTH, Kak mapabosia uiau JoraprudmMudeckas Kpusas.

1+

¥, 03T

Puc. 16.22. lNpepackadaHve noBeaeHns NpoCcTor Nepmoanyeckon GyHKumMm

K pesynbraram mpejickasanus MOBeIEHUS 3aBUCUMOCTH HYKHO OTHOCHUTBCS] OYEHD OCTOPOK-
no. Eciim B BBIOOpKE HE O4eHb MHOTO TOYEK M AT MEKILY HUMU BEJUK (MU TIPU HATUYHK
3aMETHOMH TTOTPENTHOCTH ), TIBITAThCs TTPOBOJUTH TIpe/ickazaHue 110 MeTony bepra cosepiiieH-
HO GecembicsieHHo. TyT HYsKHO obpamiarbest K 6oJiee COBEPIIEHHBIM METOaM, HapUMep
METO/Iy MaKCUMAJTBHON dHTPOINN.
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16.3. PerpeccuBHbI aHaNU3 OaHHbIX

3ajiaveil perpecCUBHOTO aHAJIN3A ABJACTCS YCTAHOBJICHIE TaPAMETPOB OIHCHIBAIOIIETO 9K-
CTIEPIMEHTAJBHYIO 3aBUCUMOCTD BBIPAKEHUS C YIETOM TOTO, YTO SMIUPUIECKNE TOUKH T10-
JIYYEHBI ¢ HEKOTOPO#T TIOrPeITHOCThI0. OBBIUHO 3TO JENAETCS € TOMOIIIBIO pacyeTa MUHUMYyMa
TEM WJIM MHBIM 00pa3oM 3ajaBaemMoil pyHkimn ombkr. OueHb 4acTo HazHAYeHUE perpec-
CHH YIPOIIAIOT /10 TOCTPOEHNUS TJIAIKOH KPUBOI MeXK/Ty TOYKaMH OIBITHBIX JaHHBIX. OHa-
KO PeaibHbIe BO3MOKHOCTH PETPECCUBHOTO aHATN3a TOPA3IO THPE, 1 6e3 aTo#t o6racTi cra-
TUCTUKU HEBO3MOJKHO MPEICTABUTD HU MPUKIATHON (DUSUKN, HI COBPEMEHHON TEXHUKH.

[TpakTHUecKast BAKHOCTh PErPECCHU OIPOMHA: TaK, HalpUMep, 000 KOPPEKTHO TOCTPO-
eHHbI rpaduK 9KCIIEPUMEHTATBHON 3aBUCUMOCTH J0JKEH ObITh 3a/1aH IIPH ee TIOMOIIH (1H-
TEPIOJIATINIO KOPPEKTHO NCHOTB30BATD, JIMIID €CIH JJAHHbIE TTOMYIeHDBI C TOYHOCTBIO HE Me-
Hee 4—5 3HaKOB MaHTHCCHI). PeasbHo 3a/1aun perpeccun BCTPEYAIOTCS Ha MPAKTHKE Ky/a
valle, YeM WHTEPTIOAIIMK WK, TeM GoJiee, skeTparnosiun. Kak v gobblie ApyTre craTuc-
THYECKUE PACYETHI, BBIYMCIEHUE PETPECCHH MOKET ObITh BEChMa TPYJAOEMKUM B CJIydae ero
nposezierus Ha Gymare — BBUy 60JibIIOr0 06beMa BbiurcanuTebHON paborsl. B Mathcad
JKe, Oarofiapst HaJMIII0 MHOTOUNCIEHHBIX BCTPOEHHBIX (DYHKITHH, 3a/lauil TAKOTO POJIa
MOJKHO PelllaTh 0YeHb 1 0YEHb JIeTKO. KOHKPETHO 0 TOM, KaK 9TO JIEIA€TCsI, MbI U TIOTOBOPUM
B CJICYIOMINX TI0/Ipa3/ierax.

16.3.1. JluHenHasa perpeccus

JluneiiHas perpeccust siBJSETCA CaMbIM IIPOCTBIM U B TO JKe BpeMsl HanboJiee 4acTo UCIoib-
3yeMbIM THIIOM perpeccuu (Tak, eCJi Bbl CTYJAEHT TeXHUYECKOTO BY3a, TO, CKOpee BCero,
TOJIBKO € TAKMM BUJIOM 0OpaOOTKHU JaHHBIX BaM M NPUIETCS BCTPETUTDCS Ha TIPAKTUYECKIX
3aHATUAX MO CTATUCTUKE). KiaccudeckuM aJirOpUTMOM JIMHEMHON PETPECCU SIBJISIETCST Me-
TOJ, HAUMEHDIIMX KBAJAPATOB, Uest KOTOPOIO CBOAUTCS K IIOUCKY TaKuX KO UIUEHTOB
JUISl ypaBHEHUS NPAMOIL, 4To6bI cyMMa KBa/[paToB abcomoTnbix ommbok (b+a-x-y,) 6pima
muHnMasibHa. B Mathcad ator mMeton siBaisiercst ocHoBHBIM. OIHAKO CYHIECTBYIOT M APYTHe
AJITOPUTMBI /ISl TTOICUETA JIMHEHHOM PETPeCcCHH, OUH U3 KOTOPBIX — METOJ MEJIMAH — TaK-
ske umeer B Mathcad cBoio Berpoennyio dynkiuio. Kak Mmoxno seraucauts B Mathcad ko-
9 OUIMEHTBI DKCIIEPUMEHTATILHO NPAMOI U KAKOl aJIrOPUTM IS 9TOTO TIPEAIIOYECTh —
BO BCEX ATUX BOIMPOCAX MbI MOMBITAEMCsT Paso0PaThCst B 9TOM MOAPasIee.

Paccuurarh JMHEHYIO Perpeccuio o MeToAy HauMeHbliux KBagparos B Mathcad moxno
C HOMOIIBIO JIBYX aJbTEPHATUBHBIX CIIOCOGOB. TlepBblii, GoJiee POCTOli, UCIOAB3YET Clie-
nuagbHyo GyHKIHIo line(x,y), TAe X M Yy — COOTBETCTBYION[NE BEKTOPHI AKCITEPIMEHTAIb-
HBIX JIaHHBIX. Pe3ysibTaToM paGoThl aTOI (QYHKIIMU SABJISIETCST BEKTOP, TIEPBBIN 9JIEMEHT KO-
Toporo orBedaer koadduimenty b, a Bropoit — xoaddunuenty a ypaBuenus: naubosee
XOPOIIO YCPeAHSIONIeN TaHHY0 BBIOOPKY MPAMON ((YHKIMSA MPAMON MMeeT OOl BUJL
f(x)=a-x+b).

[Tpusenem npumep paborsl dynkimu line(x,y). JList aTOr0 3aKa1iM Ha OCHOBAHUN KOHKPET-
HOH JIMHEHHON 3aBUCUMOCTH BEKTOP JIMHEMHBIX TICEB/I0IKCIIEPUMEHTAIBHBIX JJAHHBIX C OTIpe-
JIEJIEHHBIM YPOBHEM TIOrPEIHOCTH. YTOOBI 9TO C/ie/laTh, IPOCTO PUGABUM K Pe3yJbTaTaM
TOYHOTO pacyeTa 3HAYCHNH JIMHEHHO (DYHKITIH B OTIPE/IEIEHHBIX C TIOMOTIBIO PAHKITPOBAH-
HOH MepeMeHHON TOYKaX 3HAUYeHUs OMMOOK, KOTOPbhIE TOJYYHM C MTOMOIIBI0 TEHEPATOPa
HOPMAaJIbHO paciipe/ieieHHbIX caydaitibix yncesn rorm(N,a,c). [Ipu atom, ucxons us dusu-
YeCKOTO CMBICTIA TIOTPEITHOCTH, MaTeMaTH4YecKoe OXKIIaHe openenM Kak 0, a aucmepcnro,
HA00OPOT, cleaeM 3HAUNTENbHee, YeM OHa MOTJIa ObI GBITH Ha MPAKTHKE — 9TO MO3BOJUT
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HCIIBITATh paccMarpuBaemMyto GyHKIuo 6osee o6bekTiBHO. CpaBHUBasK 3HaUeHUsT KOahdu-
IIMEHTOB MCXOHOM JIMHEHHOW 3aBUCHMOCTH C Pe3yJIbTaToM paboThl hyHKIMH line, MbI cMo-
JKeM OIeHUTD ee addekTHBHOCTh. KpoMe TOro, ompeieinTh CTeleHb COOTBETCTBHS UCXO/I-
HOW U OIpe/ieJIeHHON C MTOMOIIBIO Perpeccuu JUHEeHHbIX MYHKIUN MOKHO, TOCTPOUB UX
rpadukm.

Mpumep 16.5. JinHerHasa perpeccus

SaI[S.CM BEKTOPbDI IICEB/LOIKCIIEPUMEHTAJIbHBIX JTaHHbIX Ha OCHOBaHUN M3BECTHOM JIMHEIHON 3aBUCH-
MOCTMH:

a:=1 b =-2
N := 10
Err:=morm(N, 0, 1)

i:=0.N -1 x, = 10-— y=ax + b+ Em

Boeraucisiem koahuiimenTs! JIMHEITHON perpeccuu:

-1.152

R :=line(x,y) 0.845

3amaeM Ha OCHOBAHUH MOJYYEHHBIX KOAGDMUIMEHTOB QYHKITIIO TPSIMON 1 CTPOUM ee Tpaduk. Tak-
JKe CTPOUM rpad¥K JUHENHOI 3aBUCUMOCTH, COOTBETCTBYIONIEH «9KCIIEPUMEHTATBHBIMY TAHHBIM
(puc. 16.23).

1(z) == Z~R1 + R0 f(t):=at+b

[a]sls}
fit)

1z

T

Xtz

Puc. 16.23. Mpsamas, NOCTPOEHHas Mo UToraM PerpeccuBHOro aHanuaa (r(z)), u «npasusibHas»
npamas (f(t))

CpaBHUB 3HAYEHUSI, MOJyueHHbIe (yHKIMEN line, ¢ M3HAYAIBHO 3aJaHHBIMU K0P DUIIH-
eHTaMU JIMTHEHHOW 3aBUCUMOCTH, BBl MOKETE BO3MYTHUTBCS, 3aMETUB, UTO PA3HUIIA MEKITY
HUMH BecbMa BestKa. OTHAKO BBI JIOJDKHBI B JIAHHOM CJIy4ae YYUThIBATh, YTO JIJISI TOTO, UTO-
ObI MBI MOTJI MTOJTyYUTh HE OLEHOYHOE, a JOCTOBEPHOE 3HAYEHHE TTAPAMETPOB IIPU MCIIOIb-
30BaHUMU JIOOOTO M3 PETPECCUBHBIX METOIOB, YPOBEHD MOTPEITHOCTH B BHIOOPKE MOTIKEH
OBITH MHOTO HIKE, U€M B 33JaHHON HAMH, 1a M SMITUPIIECKIX TOUEK JKETATETHHO TOKE TTPO-
aHaIM3upoBaTh mobosbIte. Tak, HampruMep, CHU3UB TP 33[TaHUH YPOBHS TOTPENTHOCTH 3Ha-
YyeHue cpeiHeKBapaTuIHOro otkiaoHenus ¢ 1 710 0,1, B kauecTBe pesysbrata B ipumepe 16.5
MTOJTyYUM:
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-2.07
1.011

Kak BuuTe, TOYHOCTD pe3ysbTaTa IpH 9TOM Bo3pociia 6osee yeM B 10 pas. 113 atoro ciuemy-
€T BBIBOJL: JUJISI TIOJTy4€HUs] KOPPEKTHOTO OTBETA IKCIIEPUMEHT HY’KHO ITPOBOJIUTH MAKCH-
MaJIbHO aKKypaTHO. Eciiu ske 9T0 HeBO3MOKHO, TO JIJIsI YBEJIUYEHUs] TOYHOCTH HEOOXOAUMO
ciesarhb 6osiblie onbToB. Tak, MpU yBeJUYeHUN KoJIndecTBa uaMepenuii B npumepe 16.5
B Tpu pasza (¢ N=10 g0 N=30) tounocts Bodpocsa B 10 pas mis b u 8 50 (1) pas mst a:

-2.064
0.997

Henocrarkom dynxmun line siBiisiercst To, 4To pe3ysibTaT pacyeTa OHA BbIIAET B BUJIE OJJHOTO
BEKTOPa, YTO He Beerga Moxker Obith yaobuo. Oxnako B Mathcad cymecrsyior dyukiuu,
TIO3BOJISTIONTHE BBIUNCIATH KOI(DhUINEHTHI YPaBHEHNS TUHEHHON Perpeccuu 1 Mo OT/eJIb-
HOCTH:

Q intercept(xy) — ompenesnsier 3HadeHre Koadduimenra b (4T0 cOOTBETCTBYET MEPBOI
CTPOKe BeKTopa pe3yJibTaTa ¢hyHKIuu line);

Q slope(xy) — HaxoauT Bemuuiy KoahduitnenTa a (paBHSIETCS BTOPOMY 2JIEMEHTY BEKTO-
pa orBeta pyuknmn line).

Tax xax mpuBenenHble GyHKINN 1 GYHKINA line ICITOMB3YIOT /7T pacdeTa OAWH U TOT Ke
METO/l HANMEHBIINX KBAJPATOB, TO HUKAKOW PAa3HUIILI B BbIIABAEMbIX UMU Pe3yJIbTaTax He
Gyner. Hapumep, ecin mostoxkuth B ipuMepe 16.5 N=15, To pacuer JuHeHHON perpeccun
ATbTEPHATHBHBIMHU CIIOCOOAMY JIACT CJEAYIOIINIT Pe3yIbTaT:

1.902 intercept(x,y)=1.902
1.029 slope(x,y)=1.029

O1eHnTh, HACKOJIBKO XOPOIIO 9KCIIEPUMEHTAJIBHBIC TOYKH JIOJKATCS Ha IIOCTPOCHHYIO € T10-
MOIIBIO PETPECCUH JIMHUIO, MOSKHO U YHCTO BU3yaslbHO. Ho Jrydiie nomy4nTs HEKOTOPYIO KO-
JIMYECTBEHHYIO OIIeHKY. OTTHMAIBHOI KOJIMYECTBEHHOI OLEHKO# (IIPU OTCYTCTBUM B JIAHHBIX
[IPOMAXO0B) SIBJISIETCSI TAK Ha3bIBaeMasl CTaHJIAPTHAs ONMOKa, PABHAS CPEIHEKBAIPATUYHO-
MY PacCTOSIHUIO OT TOUEK JIAHHBIX JI0 TPsIMOil. Eciin smHeitnas perpeccust pacCunTbIBACTCS
10 METO/Y HAMMEHBIIUX KBAJIPATOB, TO JJIsl HAXOXKIEHUS CTAHJIAPTHOI OMMOKKI MOYKHO HC-
10J1b30BaTh BeTpoentyio dbyukimio Mathcad stderr(xy), rae X u y — BeKTOpa JAHHbIX.

line(x,y) =

B s06oMm, gaxe camom 06IeM Kypce MaTeMaTHKK, U3JIAraloTes e METOJIa HAMMEHbIINX
kBasparos. 11 He Bceraa Ha By30BCKUX 3aHATHAX YMECTEH PACUET € UCHOIb30BAHNEM CIIeIU-
anbHbIX BeTpoeHHbIX dynkimii Mathcad, mosromy Gyzer npaBubHBIM [IPUBECTH IIPUMED
TOTO, KaK MOKHO OIPEJIETUTh PETPECCHIO ¢ MCTOJIb30BaHIEM 0oJiee OOIINX CPEICTB.

[IycTh B pe3ysbTaTe TPOBEAEHNUS IKCIIEPUMEHTA ObLIA MOTyJIeHa TTOCTIe[0BATENBHOCTD 13 N
Touek {X,, y,}, ke0...N—1. ITycTp HaMm HEOOXOIMMO TIOCTPOUTD HA OCHOBAHMM JAHHBIX TOYEK
npsamyio Jimauio f(x)=a-x+b. [yt aT0ro Hy:KHO Tak noA00path Koo UIUEHTb a U b, 4T06bI
CyMMa KBaJIPaTOB OTKJIOHEHUIT SKCIIEPUMEHTAIBHBIX Todek oT npsamoil (bynknus E,(a, b))
ObITa MITHUMATHLHOTT.

N-1

2
Ez(a,b) = Z (a~xk+ b — yk)

k=0



622 <« TInaea 16. O6paboTka AaHHbLIX

Oynxina E,(a, b) asngerca dynkimeil 18yx nepemennbix. Touky ee akcTpeMyMa MOXKHO
HAWTH, TTOJIOKUB €€ YaCTHbIe TIPOU3BO/HbIE 110 a ¥ b PABHBIMU HYJIIO U PEIIHB IOy YeHHYIO
CHCTeMY JINHEHHBIX ypaBHeHUI. B pesysbrare GyayT MOTydYeHbI CIEAYIONINE BHIPAKEHNST
st anb:

S¢Sy + SyyN ~“S¢Sey* SySxx

9= b=
A A

2
A=S__N-S
XX X
I[Tepemennbre S, Sy, Sxy, S COOTBETCTBYIOT CJIEYIONIUM CyMMaM:

N-1 N-1 N-1 N-1
Sx: Z X Sy = Z Y SXX: Z (Xk)2 Sxy: Z Yk
k=0 k=0 k=0 k=0

Ucnonbayst ipuBeientbie (hOpMYJibl, COBCEM HECJIOXKHO CO3/IATh TPOTPAMMY, PEATU3YIOILYIO
METO]] HAaMMEHBITNX KBaIpaToB (cM. mpumep 16.6).

Mpumep 16.6. NMposepka 3akoHa Mypa

3akoH Mypa — 3T0 caMoe M3BECTHOE HAOJIO/IEHIE, KaCaoeecs Pa3BUTHSI PhIHKA BBICOKUX TEXHOJIO-
ruit. Ero orkpeiBatesnem sBisercs [opaon Myp, onnH u3 ocHoBaTesieil 1 pyKOBOJIUTEIb KOMITAHUN
Intel. 3akon Mypa rJ1acut, 4To KOJMYECTBO TPAH3UCTOPOB Ha OJHON MUKPOCXEME yABAUBAETCS 32
1,5 roga. Bugy ocobennocteii apxuTeKTypbl POIECCOPOB, 3aK0H Mypa MOKHO TI€PEeHeCTH U Ha Tak-
TOBYI0 yacToty. [TonpoGyem, 0OCHOBBIBASICH HA JJAHHBIX O TAKTOBOI YacToTe mporeccopos Intel, Boimyc-
kasimxest ¢ 1971 no 1997 rox npenckasarh, Kakasi TakToBast 4actoTa (B Merarepiiax) J0JoKkHa Oblia
6biTh tocTurayTa B 2005 rojy. O KauecTBe MIPOrHO3a MOKHO GY/IET JIETKO CYINTh, 00PATUBIINCH K TIpaiic-
JICTY JTI000H KOMITAHVH, TOPIYIOIEil KOMITbIOTEPaMUL.

[l navasia 3a1aiuM B BUJie BEKTOPOB UCXO/IHBIE TAHHbIE:

year:=(1971 1974 1978 1982 1985 1989 1993 1995 1997)T

clock rate:=(0.108 2 7 10 24 65 145 175 3»00)T

ITocTponB Ha OCHOBAHWM TMPHBEICHHBIX JAHHBIX TPacuK (CM. HIDKE), MBI YBI/IMIM, UTO TOUKN COOTBET-
CTBYIOT He TIPSIMOIHi, a, CKOpee, SKCIIOHEHIINATBHON KPUBOIT (CKOPOCTh BO3PACTAHUS 3aBICHMOCTI TeM
Goubiiie, ueM GOJIbIIE apryMeHT). DTO jKe 3aK/II0YeHIe MOKHO c/leJiaTh U u3 (GOPMYJIMPOBKU 3aKOHA
Mypa, KOTOpbIii B BlJle aHAIUTHYECKOIO BRIPAKEHU MOKeT ObiTh 3amucan kak C(1.5-n)=2"C . Ho kak
ornucaTb 3aK0H Mypa JInHeitHOI pyHKIIMeid, ecJii caMa HCcielyeMast 3aBUCHMOCTb SIBJISIETCS] 9KCIIOHEH-
IMUATBHON? ITO OYEHD MPOCTO CIENATH, TOKIECTBEHHO TTPeoOPa3oBaB BhIpasKeHNMe /st 3akoHa Mypa.
IIycTh M3MeHeHe TAaKTOBOI YaCTOTBI BO BPEMEHI MOKET OBITH orrcano dymHkimeit c=a-e**~. IIposoraprcd-
Mupyem 06e yacTi paBeHcTBa. B pesysbrare (¢ yaerom toro, uto In(m-n)=In(m)+In(n) u In(m")=n-In(m))
nosyuuM: In(c)=b-x+In(a). [larnoe ypasHenue siBjsieTcs IMHEHHBIM B KoopauHaTax X-In(c), moaromy
snavenusi b u In(c) MOKHO paccuuTarh ¢ TIOMOIIBIO JIMHEHHOTO METO/Ia HAMMEHDBIINX KBaJIpaToB. 3Hast
e In(a), Jerko HAUTH a, UCTIOMB3YsI CACAYIONIEE TOKACCTBO: N=c"™, [[ajbIiie TOIBKO OCTAHETCS MOJI-
CTaBUTB NOJTyYeHHbIE 3HAYEHNUS & U C B NCXO/[HOE BBIPAKEHHE.

Yr0o6bl MCIIOJIB30BATh ONMUCAHHYIO CTPATEruIo, sl Hadyaja Hy/KHO IPOoJIorapiudMupoBaTh BEKTODP Op-
JIUHAT:

In clock rate:=In(clock rate)
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Tax KaK Mbl PELIUJIM B 9TOM [IPUMEPE PACCUNUTATH JIMHEHHYIO PErPecCcuio, He npuberast K BCTPOEHHBIM
(DyHKIMSAM, TO HYKHO co371aTh (QYHKIIIO, KOTOpast Oy/IeT BBIIOJHATH 3Ty pabory. Caesarh 910 Ha 0c-
HOBaHWUHW NPUBEICHHBIX BBIIIE (JOPMYJI TIPOIIIE TIPOCTOTO:

lin_reg(x,y) := | N < length(x)

{ N-1 N-1 N-1 N-1 W
Lsx<— D Sy Dy S Y (xk)2 Sy € Y xk-ykJ
k=0 k=0 k=0 k=0

2

A« SXX.N_ SX

T
“S¢Syy* SySxx SySy + SN

returmn

A A

PaccunrbiBaem Koadduimentsr a u b ¢ momorsio porpammst lin_reg. Uto6sr ipoeputh 3 dherTrn-
HOCTb HAIIEr0 aJrOPUTMA, TTapasieSbHO KoahhHUIEHTbI olpe/iessieM mocpeacTBoM dyHkiun line:

-515.40096
0.26111

-515.40096

line(year,In clock rate)=
026111 j (year, In_clock_rate) (

lin_reg(year,In_clock rate)= (
PesysbTaThl pacueTa perpeccui ¢ IOMOIIBIO HAIIEH IPOrPaMMbl U BCTPOCHHON (DYHKIMN COBIIATIH.
A 310 03Hauaet, uTo (hopmyJibl B ocHoBe lin_reg u line siesxat ojtau u Te Ke.

3ajlaeM Ha OCHOBAHUH TOJYYCHHBIX 3HAYCHNU a 1 b onucpiBaontyio 3akon Mypa dyukimio. Ctponm
ee rpaduK, YTO6BI YOEAUTHCS, YTO OHA COOTBETCTBYET TOYKAM JaHHBIX (puc. 16.24).

. 0.261-x-515.4
reg line(®) :=e X

&00 T

400
clock rate

XX
e fine(x) 20

0
| | |
1947 1975 1983 1991 1999
VAL, X

Puc. 16.24. Touku gaHHbIX 1 KprBas GyHKUMKM perpeccum
Touku aHHBIX JIOKATCS HA KPUBYIO PETPECCHH JIOBOJILHO HEIJIOXO0. 3HAYUT, BIIOJIHE MOKHO PACCUn-

TBIBATH HA TO, YTO MPEJACKa3aHKe TaKTOBOI yacToThl miporieccopos Intel B 2005 roxy Gyer xopoium:

reg_line(2005)=2710.803

ITosrywennoe TpecKa3anie COOTBETCTBYET AeHICTBUTENBHOCTH. 3HAYNT, 3aK0oH Mypa Bce elre paboTa-
eT. DKCIEPTHI MPEICKA3bIBAIOT, 4TO JAHHbIN 3aKOH Oy/eT akryasen rae-1o g0 2020 roja.
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HOCMOTpI/IM, KaKO#l TaKTOBOI 4aCTOThI JOCTUTHYT IIPOLECCOPbI K TOMY BpEMEHU:

reg_line(2020) = 135944.229

B npumepe 16.6 MBI NCTIOTH30BAN TEXHUKY JTHHEAPU3AIINN IO OTHOIIEHUIO K 9KCTIOHEHITH-
anbHOU ByHKIWMK y=a-e""* 1151 TOro, 4toObl HaliTh KOd(MOUIMEHTD a U b oCpenCcTBOM -
HeiiHolt perpeccun. B Mathcad nmeerca dynkimsa expfit(x,y), Kotopas mo3BoJsieT penarh
aTy 3ajauy npoie. OHaKO, YBbI, OHA He OueHb Hajle)kHa. Tak, HaliTu mapaMeTpsl i 3aKO0-
Ha Mypa ¢ ee MOMOIIbIO OKa3aJ0Ch HEBO3MOKHO, TaK KaK MPH 9TOM BO3HUKJIA OlTHOKA
(puc. 16.25).

expﬁt(yea.r,clokk rate) = g

Found a number with a magnitude greater than 10307
while trving ko evaluate this expression,

Puc. 16.25. CoobeHre 06 owwmnbke rnacuT: «[pu NonbITke BbIYUCIEHUS JAHHOMO BblPaXeHus
06HapPYXXEeHO YNCIIO CO CTeneHbio, 6onbLuer 10%97»

[ToMmumo MeTo/1a HAMMEHBITUX KBAJPATOB, paccunTaTh KOI(hMUITMEHTI TUHEWHOW perpec-
CUM BBl MOJKETE C TIOMOIIBIO JIPYTOT0, MeHee PACIPOCTPAHEHHOTO U M3BECTHOTO aJTOPUTMA
meauan (median-median regression). [l aToro obparTuTech K CrieluaibHON BCTPOEHHON
dyuxnnn medfit(xy), TAe X 1 y — BEKTOPBI KOOPAMHAT TOYEK SKCTIEPUMEHTATBHBIX JaHHBIX.
PesymbraTom ee paboTHI SIBJSIETCST TOYHO TaKOM jKe BEKTOP, Kak 1 B ciaydae dhyukimn line,
NepPBOii CTPOKE KOTOPOTO COOTBETCTBYET 3HavYeHue Koaddunmenta b, a BTopoit — xkoaddu-
IMEHTA & YPABHEHNsI PErPeccuu.

Tak Kak METOJI MeIHaH OTHOCUTETHHO MaJI0 U3BECTEH, €TO CTOUT OIfucaTh. TeM GoJee uTo
OH 04eHb MpocT. YToOBI HAWTH ypaBHEHME TIPSIMOI TTOCPEACTBOM MeINaH-MeANaHHON per-
peccu, Hy>KHO MPOJIeNIaTh CJIeTyTONIHe MIari.

1. Paspensem skcriepuMeHTATIbHBIE TOUKH Ha TPU PaBHBIC TPYIIIIBI, UCXO/S M3 BETNIUHDBI
X-KOOPAUHATLL. B 11epBoii TpyIine HoKHbI ObITh <JIEBbIE» TOYKU, BO BTOPOU — <I[€HT-
paJibHble», 4 B TPEThEH — «IIpaBble». EC/IM KOJMYECTBO TOYEK B BHIOOPKE HE KPATHO 3,
TO HY’KHO [IefiCTBOBATh TaK, YTOObI TOUYKU PACIPEIETUINCH IO TPYIIAM MaKCHMaIbHO
paBHOMEPHO. EC/IN 0CTaTOK OT /IeJIEHNsT KOJTMYECTBA TOYEK B BHIOOPKE HA TPH COCTABIIS-
€T OJINH, TO JINIIHIOI» TOYKY CJIeyeT TIOMEeCTHTD B IIeHTpaIbHyTo Tpyminy. Ecan «mm-
HUX» TOYEK JIBE, TO [0 OJHOI TOYKE HYKHO PUOABUTH B JICBYIO U [IPABYIO TPYIIIIBL.

2. HJIH Ka)KI[Oﬁ IpynIibl HaXO0/UM CPE/IHIOI0 TOYKY, TO €CTb TOYKY, KOOP/AUHATDI KOTOpOfI
ABJIAIOTCA CPEHUM apI/I(I)MeTI/I‘{eCKI/IM COOTBETCTBYIOIINX KOOP/IMHAT BCEX TOYEK I'PYIITIDBI.

3. Haxoxum ypaBHeHMe IPSMOI, TPOXO/AIIEH dYepes PaByio U JIEBYIO CPeLHIe TOUK.

4. CTpoum BTOPYIO IIPSIMYIO TakK, 4ToObI OHa ObLIa Mapajuie/ibHa nepBoii mpsiMoii. Pacmoa-
raTbCs BTOPas MpsaMast 0/LKHA MEKTY TIePBOI TPSIMO U Cpe/iHel TOUKOM IeHTPaTbHON
rpynmnsl. [IpruyeM paccTosiHie OT BTOPOH MPSIMOM 10 TIEPBOM I0JIKHO OBITH B IBa pasa
MEHBIIIE, YeM OT CPEJHEN TOUKU IIEHTPATBHON IPYTIIHI 10 BTOPOi TPSIMOL. CMBICT 3TOTO
TpeOOBaHNUS OBOMLHO OUEBUIEH: BTOPAst TIPSIMast IOJDKHA OBITH TTOCTPOEHA TaK, YTOObI
CyMMa PacCTOSIHUIL OT Hee U 10 CPEJHUX TOYEK OblIa MUHUMAJIBLHOM.

5. IlapameTpsl ypaBHEHUsT BTOPOH TPSIMO#T BO3BPAIIAIOTCS KAK PE3yJIbTAT.

TexHuuecku peaym3oBaTh METOJI MEJIUAH OUYEHb IIPOCTO, PEIIMB HECKOJIBKO 3JIEMEHTAPHBIX
3aj1au Ha ypaBHeHue psaMoid. [Tompobyiite aTo cesaTh caMocToSTeNbHO. Ecii He momyanT-
¢ — TPOAHAIM3UPYITE KO/ MPOTPAMMBI ThM.
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mmx,y):=| N < length(x)

N 2-N

(bl(—?—l bz<——3 —1) if mod(N,3)=0
N 2-N

(bl(—;—l b2(—7j if mod(N,3)=1

N 2:N
(bl “«— ? b2 « T) if mod(N,3)=2

(x1<— submatrix(x, 0,b1,0,0) x2 < submatrix(x,b1,b2,0,0) x3 < submatrix(x,b2,N-1,0,0))
(y1< submatrix(y,0,b1,0,0) y2 < submatrix(y,b1,b2,0,0) y3< submatrix(y,b2,N-1,0,0))
(m_xl< mean(x]) m x2< mean(x2) m_ x3< mean(x3))
(m_yl <« mean(yl) m_y2 <« mean(y2) m_y3 <« mean(y3))
[k out«— (m_y3—-m yl) + (m_x3—m _xI) b out <« m yl—k outm xI]
b_intro < m y2-k outm x2
(b_out — b_intro)

3

b _med <~ b_out —

(b_med k_out)’

Mertos MemmaH OBOJIBHO IPUMHUTHBEH IO CPABHEHHIO ¢ METOJIOM HANMEHBITNX KBAaJPaTOB.
[ToaroMy B GOJIBIIMHCTBE CIIyd4aeB OH jaeT XyAummii pesysibrar. OHAKO Y METOA MeAnan
€CTb OJ[HO IIPEUMYILECTBO: OH Kyjla MeHee YyBCTBUTEJEH K HAJIMYUIO B BHIGOPKE TIPOMAXOB,
TO €CTb TOYEK, MOJYYCHHBIX ¢ HEJOIyCTUMO BBICOKOH morpemrnoctsio. IloaTomy k Hemy
HY’KHO 0OpAIaThCst, ECIIU TaHHBIE TJIOXO JIOJKATCS HA MPSMYIO.

Mpumep 16.7. PacyeTt NnMHENHON perpeccun ¢ NCNOb30BaHMEM MeToaa
MeanaH

MOI[GJII/IpyeM TICEB/IO9KCIIEPUMEHTAJIbHY IO JII/IHeﬁHyIO 3aBHUCHUMOCTD CO CPETHUM YPOBHEM ITOTPEUTHOCTH:

a:=5 b:i=-4
err :=morm(16,0, 1)
i:=0.15
X:==5+1 y.:=a-X + b + err.
1 1 1 1

[lenaeM TpU TOUKH B BHIOOPKE TTPOMaxXaMit, 100aBJIsisl K HUM 3HAYEHUSI TIOTPEITHOCTH, B 15 pa3 mpesbl-
IMIAIONINE e¢ HOPMAJIbHBIH YPOBEHb:

ERR:=morm(3,0, 15)
y0:=y0+ERR0 y4:=y4+ERR] y8:=y8+ERRz

Haxommm xoadduiinenTs ypaBHEHUS IPSIMOI ¢ IOMOIIBIO METO/Ia MeNaH (HCIIOIb3Ysl BCTPOCHHYIO
dynkrumio medfit u mporpaMmy mm) u MeTO/[a HAMMEHDBIITNX KBA/[PATOB:

dfity) -3.992 9) —4.74 line(e.y) -5.566
medhit(x,y) = mm(X,y) = me(x,y)=
Y 5.082 Y 5.486 Y 5.76



Kax Buznnre, koadurmenTsl, HailjieHHbIE 10 METOLY Me/naH, 6oJiee COOTBETCTBYIOT UCTHHHbBIM, YeM
orpe/ieJieHHbIe 10 METO/Ly HauMEHbIINX KBaapaToB. OCOOEHHO TOYeH pe3y brar paboThl (HyHKIHN
medfit. Ho n nama mporpamma mm cpabotasa Jydiie, geM dymkims line. Bripouewm, na rpaduke Bce
TPH [PSIMbIE BeyT ceOst MPAKTHYECKN MAECHTUYHO.

B npumepe 16.6 Mbl, [1yTeM TOXKIECTBEHHBIX IIPe0GPa3oBaHUil, CMOIJIN TPUBECTH IKCIIOHEH-
raibHyo GyHKIuo y=a-e"™ K Takoil popme, 4TO [JIsI pacyeTa ee MapaMeTpPOB CTAJIO BO3-
MOJKHO UCIIOJIb30BATh JIMHEHHYI0 perpeccuto. [logo0OHas TeXHUKa HA3bIBAETCSA METOIOM
JIMHeapu3aluy JaHHbIX. JInneapusanus ype3BblyaiiHo BaXkHa /I MTPAKTUKH, TaK KaK JIMHEeH-
Has PErpeccus, B OTJINYME OT APYTUX BUJIOB PETPECCHH, TOYHA, OJHO3HAYHA U OTHOCUTEIHHO
JieTko paccunTeiBaeTcs. CyTecTByeT TOBOTBHO 3HAYNTEIHHOE KOJTMYECTBO 3aBUCHMOCTET,
KOTOPBIE, [IyTeM TOXKIECTBEHHBIX TPe0OPa30BaHMil U 3aMeH [IePeMEHHbIX, MOKHO Ipeobpa-
30Barh B JmHeiinyio dhopmy. Hanbosee Baskubie cirydau npuseensl B Tabur. 16.1.

Ta6nuua 16.1. JIuHeapusaums HEKOTOPbLIX 3aBUCUMOCTEN

DYHKLMA JlnHeapusosaHHas copma Heob6xoanMble 3aMeHbl NepeMeHHbIX
Y=A X+B M MOCTOAHHbIX
A 1 1
X X X
D 1 ey+ 2 X Y=y,C D=2
= = —X —_— = X , = , =, =
Y x+ C Y C Y C Y Y A
1 1 1
= —=Ax+B X=xY=—
Ax+ B y y
1 1 1 1
y=—x - =B-+A X==,Y=—
A-x+ B y X X y
y =A:In(x) +B y=A:In(x) +B X=Inx,Y=y
y=CeX In(y) = A-x+ In(C) X=x ,Y =In(y),C=c"
A In(y) = A-In(x) + In(C B
y = CX n(y) n(x) + In(C) X =Inx),Y=In(y),C=¢e
1 1 1
y= ; — —Ax+B X=xY=—
(A-x+ B) y Vy
y=C-x-e_ X ln(zj =-D-x+ In(C) X=x,Y=ln(zj,C=eB,D=—A
X X
1 1 1
y= ax Inf—-1|=Ax+In(C) | X=x,Y=In|—-1|,C=¢
1+ Ce y y
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B Mathcad ectb aBe GyHKIMH, UCTIOIB3YIONINE TEXHUKY JUHEAPUSALNK I HAXOKIACHUS
[apaMeTPOB HEeJMHEHHBIX 3aBUCUMOCTEN. DTO yiKe u3BecTHas Ham byHkius expfit, pac-
CYMTHIBAIOIIAST PETPECCHIO IS HKCIOHEHITMANBHON (QYHKINKN y=a-e"*, a TakKe QyHKIHsI
Infit(xy), Aarorast BOSMOKHOCTB OTIPEIEAUTD APAMETPBI ONITUMAIBHO TIPUOJIKAONIEH JaH-
Hble JiorapudMudeckoil Kpusoii y=a-In(x)+b. Uto6bl paccuuTaTh perpeccuio s Apyrux 3a-
BUCHMOCTEH, 0Ty CKAIOIIIX JIMHEAPU3AIINIO0, Bce HEOOXONMbIE 3aMEHbI TIPUJIETCST OCYIIECT-
BJISAATH CAMOCTOSITENIBHO.

16.3.2. MNonuHoMunanbHas perpeccus

Odenp MHOTHE 3(PGDEKTH U ABTEHUSA B PU3NKE U APYTHX TOUYHBIX HAYKAX OMUCHIBAIOTCS al-
rebparyeckuMu moJimHoMaMu. [Tojkayi, B 9TOM TIaHE UM MOTYT COCTaBUTh KOHKYPEHIIUO
JIVTITD PA3TIMIHOTO POJA AKCITOHEHITNATBHbBIE (DOPMYJITBI — PE3YIBTAT PENIEHUsT OOBIKHOBEH-
HBIX I depeHImanbHbIX ypaBHeHuil. [1o aToii mprymHe mpakTHYecKas BaKHOCTD TIOJTITHO-
MUAJIBHOW PErpeccun HUYIYTh HEe YCTYIIAeT, & MOKET, JasKe U MPEBOCXOIUT TAaKOBYIO JIMHET -
HOIT perpeccru, 0 KOTOPOI MBI TOBOPUJIN B TIPE/IBIAYIIIEM TIO/Ipas/iee.

[TocTpouTh TTOTMHOM TTPOM3BOJILHOI CTETIEHU 10 HKCIIEPUMEHTATBHBIM JIAHHBIM JOBOJBHO
[POCTO, €CJIU UCTIOJIb30BATH METOJL HAMMEHbBIINX KBaApaToB. [Tonpodyem, 4ToObl Jiydiie pa-
300parhCst B BOIIPOCE, CAMOCTOSITETTHHO BBIBECTH Pabouyio (hOpMYJIy [JIst TAHHOTO METO/IA.
ITyctb B pesyJibrare u3Mepenuii GbiIo T0Iy4eHo MHOXKECTBO Touek {x,, y, }, ke 0...K. TIpexrno-
JIOJKUM, UTO U3 TEOPUHM U3BECTHO, UTO UCCTEMYEMOE SIBJIEHIE MOKET OBITH OTIMCAHO TOJTNHO-
mom crertenn N (N<K-1). 3azaua — HaiiTi K0a(hhUIMeHTh JaHHOTO TTOJNHOMA Ha OCHOBA-
HIN 9KCIEPUMEHTATBHBIX JAHHBIX.

Jlnst Hauaza 3agaaumM (YHKIMIO TTOJMHOMA B OOIIEM BUJIE:

Pu@) = o N-1 N-2 L n
N )—cN~x +cN_1~x +CN_2°X Fot CpXt ey = Z c X

n=0
KosmuecTBeHHOI XapaKTepUCTUKON TOTO, HACKOJIBKO TIPABUJIBHO OlpeiesieHbl Koadduiim-
€HTHI TTOJTMHOMA, BO3bMEM CYMMY KBAJIpaTOB PACCTOSHIIH OT 3KCIEPUMEHTATBHBIX TOYEK /10
kpusoil. Hazosem coorserctBytontyto Gyukimio E. [Tapamerpamu dyHkimn E 6yayT sB-
JAThCS K0((DUIIMEHTD! OJTMHOMA:

E co,cl,cz,...,cn) :kzli: (P Xk) yk) Z [Z cn.xf —YkJ

n=0

OnrumanbHo mogoOpanHbM KoM UIIMEHTaM MOJMHOMA COOTBETCTBYET MUHUMYM (DyHK-
uun omunbku E. @yukuua E gasnsgerca dynkumeit N+1 mepemeHubIX, rie N — cTeneHb Io-
sHOMa. UTOObI HAWTH ee MUHUMYM, HYKHO BBIYMC/IMTH €€ YaCTHBIE TPOU3BOIHBIE 110 BCEM
TepeMeHHbIM, a 3aTeM, CIUTas UX PAaBHBIMU HYJIO, PEMIUTH TOJyYeHHyI0 cuctemy n3 N+1
YpPaBHEHUSI.

Juddepennmposanne Gynkumn E mo mo6oil mepeMeHHol 1acT BhIpaskeHne, COOTBETCTBY-
fo1iee cieayromeit oomeit popmyaie:

). 55| 5 s on ol
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Bapbupyst p ot 0 710 N, MbI iosryunm uckombie N+1 ypaBaenusi. Ho kak ux penmrb? Odenb
mpocto. /lesio B TOM, YTO AaHHBIE YPAaBHEHUS SBJSAIOTCS JTUHEWHBIMA OTHOCUTETHHO KO-
dbunmrenTos mommHoma (¢, C,, ..., €, ). UToOBI 5TO TIOKA3aTh, COKPATHM Ha He MTPAIONIIIT HI-
KaKoll poJii MHOKHTEIb 2, 2 3aTeM PACKPOEM CKOOKM:

Zznxx Zykk-o

k=0n=
[Tonp3ysichk cBOTICTBOM I[I/ICTpI/I6yTI/IBHOCTI/I CJIOKEHW, HEM3BECTHBIE ¢ MOKHO BBIHECTH 32

3HaK CyMMBbL:
N K n+p K P
PILDIE DI
n=0 k=0 k=0

[TosryuenHoe ypaBHEHME SIBJISIETCS OCHOBHBIM yPaBHEHUEM MTOJMHOMUATIBHON Perpeccuu.
OHo 3aj1aeT cUCTEMyY JIMHEIHBIX YPABHEHWH, PENIEHHsT KOTOPOil — 3TO HEOOXOAMMBbIE KO-
urmenTts nosmHOMa. B MaTpUYHOM BH/IE IAHHYTO CUCTEMY MOKHO TIPEICTABUTD KaK:

>
k=0 k=0 k=0 k=0 1 k=0
i |

K K K C =
sz Z Xk3 Z Xk4 - Z XII(\HZ 2 i Vi sz
k=0 ka ka =0
. . . . N .
k=0 k=0 k=0 k=0 _k:o

I/ITaK, KJIIOY€BbIM MOMEHTOM B aJITOPUTME MMOJTMHOMUATBHON perpeccnu ABJIAETCA pelienne
CUCTEMBI JIMHEHHBIX ypaBHEHWH, KO9(h(MUITMEHTBI KOTOPOH OTPEENAIOTCS IKCIIePUMeH-
TaJIbHBIMU JaHHBIMU. CIIPpaBUTHCS € 9TOU 3ajjauell MOJKHO, HAIIpUMep, NCIOIb30BaB BCTPO-
ennyto dyukimo Mathcad lsolve.

@DopMyJIBI, UCIIOb3yeMbIe TIPU PacyeTe MOJMHOMUATIBHON Perpeccun, 0BOJBHO TPOMO3/-
kne. OHAKO peaan30BaTh COOTBETCTBYIONIMI aJTOPUTM Ha SI3BIKE TIPOTPAMMHUPOBAHUS
Mathcad mMoxHO GyKBaIbHO HECKONIBKUMMU CTPOKAMM KOJIA:

pol reg(x,y,n):= | for ie0..n
for je0..n

" last(x) last(x) -‘

LM < Z ()1+J N Z yk("k)J

Isolve(M, N)
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[Tporpamma pol_reg oueHnb POCTa, OHAKO OHA HAIIMCAHA HE COBCEM PALlOHAIBHO. [[eJI0 B TOM,
YTO MPU 3ATIOJTHEHNN MaTPHUIIBI K0a(duImeHToB M cymMMa 1711 KasK/I0TO 3JIeMEeHTa IIPOCYH-
TBIBAETCS MHIMBUYAIBHO. MeXIy TeM HECJOKHO 3aMeTUTb, YTO B J1I000il cTpoke (KpoMme
nepBoif) n3 N+1 cymMm N cyMM yiKe BBIUNCIANACDH TIPH 3ATMOTHEHUH TPEABIAYIINX CTPOK.
[Toatomy, 9TOGB! 3AMOTHUTD BCIO MATPUILY KOIDDUIIMEHTOB, TOCTATOYHO BEIMUACTUTE 2-N+1
cymmy, a He (N+1)? cymmy, Kak 210 gesaercs B iporpamme pol reg. TTompobyiite camocTto-
STEJILHO TAK MEPEITCaTh IIPOrPaMMY, 4TOOBI OHA KAKIYIO CYMMY BBIYKCJISIIA TOJIBKO OJIMH Pa3.
[TpoBepnM, IPABUJIBHBIMU JIN OBLIN HAIKM paccy:kiaenust. [yt 9Toro paccyuraem MoJTnHO-

MUAJIBHYTO PETPECCHUTO, UCXO/IST M3 TICEBIOIKCTIEPUMEHTATBHBIX JaHHbIX, 32/[aHHBIX HA OCHO-
BAHWW TIOJMHOMA TPEThEll CTETIeHN ¢ M3BECTHBIMU KO hUImenTaMu:

i:=0..25 err :=morm(26,0, 1)
. 3 2
X =1 yi::3-(xi) —2-(xi) —10x1+ 34 + err,

pol_reg(x,y,3)" = (34326 —10.306 —1.969 2.999)
KOB(b(bI/IHI/IEHTI)I ITOJIMHOMAa HaﬁﬂeHbI BeCbMa TOYHO. 3Ha'{I/IT, MbI HU B YEM HE OH_[I/I6]II/ICI).

PazobpaBiinch B IPUHIUIIAX BBIYUCIEHIS TTOJHHOMHUATBHON PErPECCHH 110 METO/LY HaM-
MEHBIITNX KBAIPATOB, U3YUNM, Kak 3Ty paboTy BbImoHNTh B Mathcad, mpumernsist BeTpoen-
HBIE CPEJICTBA.

B Mathcad paccuunrarh moJMHOMUATIBHYIO PETPECCHIO MOKHO € ITOMOIIBIO BCTPOEHHON (DYHK-
AN regress(x,y,n), e X U Y —BEKTOPBI IKCIIEPUMEHTAIBHBIX TAHHBIX (KOJIMYECTBO TOUCK JI0JI-
JKHO OBITH OOJIBINE TOPSIIKA MOJTMHOMA XOTst ObI Ha 1), N — MopsiaoK moiuHoMa. B o6rmem
cIIydae N MOKeT MPUHUMATH COBEPIIEHHO JTI00bIe 3HAYEHST, OTHAKO PEATHHO CTATKIBATHCS
C TIOJIMHOMAaMU BbITIe 3—4 CTereHn MPUXOIUTCS PENKO.

[To cBouM cBo¥icTBaM (hyHKITHA Tegress OUeHb MOX0Ka Ha YKe 3HAKOMble HaM (DYHKITUH ce-
MeiicTBa *spline, ncrosb3yemble TIPH MHTEPIIOJIAINK. TaK, B BEKTOPE ee pe3y/IbTaTa IepBble
TPH CTPOKU OYIYT CIIysKeGHBIMHE, & B OCTAJIBHBIX OYYT COIEPKATHCS 3HAYeHUsT KOAbbHUIIH-
€HTOB MOJITHOMA, PACIIOJIOKEHHBbIE CBePXY BHU3 MCXO/IS 13 BO3PACTAHMS CTEIIEHN YJIEHOB,
K KOTOPBIM OHH OTHOCSITCA.

Jlst gemMoHcTpaly paboThl (DYHKIIUK regress PelM IOCPEACTBOM Hee Ty Ke 3ajauy, uTo
BhIIe OblyIa PellieHa ¢ TIOMOIIbI0 Halllel cOOCTBEHHON TIporpaMMbl pol_reg:

T
R:=regress(x,y,3) R =(3 3 3 34326 -10.306 —1.969 2.999)
Pesysbrat, nosyuennsiit pyHKITHeH regress, B TOYHOCTU COBIIAIACT C PE3yJIbTATOM, BbIaH-
HbIM pol_reg. CiiezoBaTeIbHO, WEH B OCHOBE BCTPOECHHON (DYHKIIMU U HAIEel MPOrpaMMbl
JIesKaT OJIHU U Te JKe.

HOCTpOI/ITb KPHUBYIO ITOJIMHOMA PETPECCUN MOKHO, IIPOCTO IMPUCBOUB €T0 KOB(I)CI)I/ILH/IGHTB.M
3HAYEHUA COOTBETCTBYIOMINX UM 3JIEMEHTOB BEKTOPA R:

N+3 3
S(t) = Z t R,
i=3

OHaKO MOKHO TTOCTYIIUTD U TIPOIIE — 33/IaTh IIOJIMHOM C TIOMOIIbIO DyHKINY interp(sx,y,t).
JLJ1s1 5TOTO B KauecTRe ee TapaMeTpa s CJIe/IyeT OIPe/IenTh BEKTOP Koa(hMHUIMEHTOB, BHIYUCIEH-
HBII (byHKIIHEl regress (MMEHHO Jist interp, KCTaTH, B HEM 1 UMEIOTCS CITysKeOHbIe CTPOKH ).
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S(t) :=interp(R,x,y,t)

Korza mosmmaoM perpeccun 6yeT ompesiesneH, MOKHO TOCTpouTh rpaduk (puc. 16.26). B Ha-
IIeM CJIy4ae TOJIe3HO CPAaBHUTH KPUBYIO PEIPECCUE ¢ KPUBOW 3aKOHOMEPHOCTH, UCXO/IS U3
KOTOPOIi ObLIN BHIYUCIEHDBI TOYKU JAHHDIX, TSI 9€T0 333 M (DYHKIIUIO TOCeHEN:

D(t):= 3-t3 - 2~t2 —10t+ 34

St

Dit) 5000

o0

=5 ] 5 10 15
t,t,x

ala

Puc. 16.26. Kpueas «npaBuabHOr0» NOAMHOMA, KpUBas MOMHOMA pPeErpeccun u
«9KCMEePUMEHTASIbHbIE» TOYKM

N3yunB B3auMHOE paciojiokeHre KpUBbIX Ha puc. 16.26, Bbl, HaBEpHOE, COrJIACUTECH, YTO
CHCTEME Y/IAJI0Ch KPaiHe HEeIJI0X0 [IPOBECTH CPEAHION KPUBYIO B 00JIACTH HKCIIEPUMEHTAIIb-
HBIX Touek. U faske 3a mpeiesiaMu 00JIaCTH TOYEK KPUBBIE «ITPABIIIBHOT0» TTOJIMHOMA U TIO-
JIMHOMA PETPECCUN HE PACXOJSTCs. BripodueM, Tak GbIBaeT MaleKo He BCET/a.

HecooTBeTcTBIE TIOJIMHOMA PETPECCUE OITUCHIBAIOIIEMY HMITUPUYECKYTO 3aBUCUMOCTD 3aK0-
HY MOJKET ObITh CBA3aHO C IEJIBIM PSIIOM IPUYUH — CJTaG0CTSIMU MCIIOJIB3YEMOTO JIJIsl HAXOK-
nenust K03 hUIINEHTOB aJITOPUTMA, MOTPEITHOCTHIO, MAIBIM KOJUYECTBOM TOYEK. Y HUBEP-
CAIBHOTO CTI0Cc06a IPEOIONETD BCE CIOKHOCTI He CyIecTByeT. Ho yMEHBITNTD BEPOSATHOCTD
MOJIYUEHHUs TIIOXOTO PE3yJIbTaTa Bee jKe MOKHO. [yt 9Toro HysKHO b0 YBEJIUUNTH TOY-
HOCTb M3MePEHNH, JIMGO PACIIUPUTh MHTEPBA JOKATU3AIIUN TOUEK, NGO YBEIMIUTh KO-
4ecTBO TOYeK. Hampumep, BBIYUCINB PETPECCUIO OT TeX Ke 26 IKCIIEPUMEHTATBHBIX TOYEK,
OJIHAKO paclipe/ieJieHHbIX Ha OTpe3Ke, B 10 pa3 Meree MUPOKOM, Mbl TIOJIYUUM CJIEY IO
BEKTOP KOI(PDHUITUEHTOB:

R = (3 3 3 34.326-13.06 1.099 2.2149

Kak BuzanTe, yMeHbBIIICHNE HHTEPBAJIA JIOKAIN3AIINN TOYeK IPUBEJIO K CYIIEeCTBEHHOMY YXY/I-
MIEHUIO B TOYHOCTH pacyera KoabuimeHToB moarmHoMa. [Ipyu yMeHbIIEeHIH Ke MTUPUHBI
orpeska B 100 pas pesysbrar He Oy/eT BbIEPKUBATH HUKaKOi kpuTuku (puc. 16.27):

R =(3 3 3 34326 —40.6 307.897 -783.419)

[Touemy ke Ha TOYHOCTH NOJMHOMUAJILHOM perpeccuu Tak CUJIbHO BJIMSIET TO, HA KAKOM pac-
CTOSIHUU JIPYT OT APyTa HaxXoAATcst Toukr? OTBET Ha ATOT BOIPOC Gy/ET AJIs BaC OYEBU/ICH,
€cJIM B CBOE BpeMd Bbl BHUMATEJIbHO ITPOYUTAJNN TJIaBY, OCBAIIEHHYIO PEIIEHUIO CUCTEM
JMHeNHBIX ypaBHenwui. Kak BoI moMuuTe, TouHocTh perienns CJIAY B mepByio ouepess 3a-
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BUCHT OT TOTO, HACKOJILKO XOPOIIo 00ycaoBaeHa Marpuia Koadgduiuentos. Ecau Marpuna
K03(hOUIIEHTOB 00YCIOBIEHA TUIOX0, TO MAJIbie U3MEHEHSI B €€ 2JIEMEHTAX WU ATeMEHTAX
BEKTOpA MPaBbIX YacTel TPUBOST K GOJIBITNM U3MEHEHNSIM B PelleHnsX. B ocHOBE ke BbI-
YUCJICHUS TTOJTMHOMHUAJIBHON PErPecCuu JIE)KUT PEIIeHUE CUCTEMbI JIMHEHHBIX YPABHCHMIA.
[Tpuuem mMaTpuita KoaPUIMEHTOB TaHHON CUCTEMbI SIBJISETCS KIACCHYECKOI MII0X0 00yc-
JIOBJIEHHOH Marpuileil (ee Jake MOKHO CYMTATh Pa3HOBUIHOCTHIO MATPHUIlbl ['nibbepra).
Yem 6smizke OYIYT JTE€KATH SKCTIEPUMEHTATBHBIE TOYKH APYT K IPYTY, TEM B MEHBIIEH cTere-
HU GYyT OTJIMYATHCS COCEIHIE CTPOKM MaTpHIlbl KoaduimeHToB. COOTBETCTBEHHO, TeM
xysKe oHa Gyzier oOycsosiena. I1oxas xe 06yCJI0BIEHHOCTb 1 BbI3bIBAET BHICOKYIO [IOTPEII-
HOCTD TIPU OTIpe/ie/IeHI N K0a(hhUINEHTOB TOTITHOMA.

4

1-10 . BN

5000 5000 5000

a 6 B

Puc. 16.27. lNoBeaeHne KpMBbIX «NPaBUIbHOr0» NOJIMHOMA M NOJIMHOMA PEerpeccum npu ware
Mexay abcumccammn akCrneprMeHTalbHbIX ToYek, paBHoMm 1 (a), 0.1 (6), 0.01 (B)

[Toxast 06yCIOBIEHHOCTh MATPUILBI KOA(MMHUIIMEHTOB B aJITOPUTME pacdyeTa MOJUHOMHUAIb-
HOPT Perpeccun 1o MeTo/ly HAaUMEHBIINX KBAPATOB — 9TO caMoe c1aboe MECTO JIAHHOTO ajl-
roputMma. [loaToMy, 4TOGBI He TOMYCTUTD ONTHMOKHU, BCET/IA HYKHO OTEHUBATH, HACKOJIBKO
wroxo obycioBiena Marpuia koaddurmenTtos. st 9TOTO cJiefyeT BBIYUCINTD WU OTIpe-
Jiesutesib (4eM OH MEHbIIle, TeM B GOJIbIIel CTEeHN BRIPOsKIEeHA MaTPHIIA), UJIU YUCII0 00y C-
JioBJieHHOCTH (4eM OHO GoJiblile, TeM Xyske obycioBieHa Marpuia). Hemuoro moauduim-
poBaB mporpaMmy pol_reg, MOJKHO CO3[aTh aJrOpUTM, KOTOPBI Oy/IeT PENIaTh 9Ty 3aj1a4y:

pol reg cond(X,y,n):= | for i€ 0..n
for je0..n

last(x)

i+]
Me D) (%)
k=0

M|

Pacuer onpezenuresnss Matpuiibl KoahMOUIIMEHTOB /Ui IPUBEJIEHHOTO BbIIE IPUMEPA TIPU
Trare Mesky TOYKaMmu, paBHOM 1, maet snadenue 7-10°. Ecan mar pasen 0.1, To 3nademnue
onpexenutess — 7-10°. Ecam mar ymenpimTs 10 0.01, To onpegenurens Oymer paser 7-107.
[Tpu ymenbiierun tara 0 0.001 onpenenurens ymenbinmres o 1072, Kak Bumre, paccrositie
MESK/Ly TOUKAMU OYeHb CUJIbHO CKA3bIBAETCST HA BBIPOXKACHHOCTH MATPUILHI KOA(DDUIIMEHTOB.

Ecim pacyeT orpeaeanTesidad 1acT O4€Hb MaJeHbKOE YUCJIO, TO HY/KHO HOHpO6OBaTb yBem-
YUTH 1O MaKCUMYyMa Iar MexXay 9KCIIEPUMEHTAJIbHBIMU TOYKaMU. Ecsm xe 210 HEBO3MOIK-
HO, TO MOKHO MCITIOJIb30BaTh /IJIAA pEeHIEeHUA CJIAY CUHIYJIAPDHOE PA3JI0OKEHUE. Yacro aT0
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naet sryqinuit apheKT Mo cpaBHEHUIO € TIPUMEHEHNEM CTaHIAPTHBIX METO/IOB PEIIEHUS CHC-
TeM JIMHEIHbIX YpaBHEHUH.

Kcrarn, 06ycioBIeHHOCTh MATPUIL THUITA MaTPHIBl [MIb6GepTa OueHb CUIIBHO 3aBUCUT OT WX
pasmeprocTh. Yem GoJibilie MaTpHUILA, TEM OHA Xyske 00ycioBieHa. [ToaToMy Hy:KHO KpaiiHe
OCTOPOKHO OTHOCUTBCST K pacuyeTy perpeccuu st oJIMHOMa CTelleH !, Bbilie 4-it. BeposT-
HOCTb TIIOXOTO Pe3yJIbTaTa IIPH 9TOM HAMHOTO MPEBBIIIAECT BEPOATHOCTH OMIMOKY MTPU BbI-
YUCJIEHUU PErPeccuu JIJIst TOJIMHOMOB 2—4-11 cterienu. K cyacThio, MOJIMHOMBI BBICOKUX CTe-
TeHell B MPUJIOKEHUSX BCTPEIAIOTCS PEIKO.

Ecsint BBI He 3HaeTe TOYHOTO MAaTEMAaTHYECKOTO BHU/IA U3MEPSIEMOIl 3aKOHOMEPHOCTH, TTPUH-
[UITUATLHBIM YCJIOBUEM YCIeXa MOXKET ObITh NPABUJILHBIN BHIOOD CTEHEHH HOJIUHOMA Per-
peccun. KakeTcss 04eBUAHBIM TO, 9TO YEM BBIIIE CTETIEHD TIOJNHOMA, TeM JIyUIlle OH JI0JKEH
IpUOIN3NTH TAHHbIE CO CAOKHBIM MoBefeneM. ONHAKO 9TO YTBEPIK/IEHNE CIPABETINBO
JINTIB YacTHYHO. Ecam manmsie o cBoeil mpupo/ie He MOJNHOMHUANBHEIE, TO PEe3YyJIbTaTOM
pacyeTa perpeccur MOKeT GBITh CHJIBHO OCHUJIIMPYIONIAs KPUBasi. JTa OCHMLIAINs (0Ha
Ha3bIBAETCS TOJTMHOMHUAIBHBIM PACKAauNBAHUEM ) MOKET CBECTH HA HET (DU3MUECKYI0 KOp-
PEKTHOCTH KpuBOH perpeccun. Iloutn Beersa NoIMHOMUAIbHOE PACKAuMBaHUE MTPOSIBIISIET
cebst, ecJi perpeccrisi pACCYUTHIBAETCS [JIsA IOJIMHOMA 5-1 crenienu uiu Bbiie. [Toatomy He
CTOWT IIPUMEHSTH MOJIMHOMBI BBICOKOH CTEIIeHH, eCJIH JI0CTOBEPHO HEM3BECTHO, YTO JIaHHbIE
MMEIOT TTIOJIMHOMHUAJIBHYIO TTPUPOJLY.

[TponemMoHCTpUPYEM SIBJIEHIE TIOJTMHOMUAIBHOTO PACKAYMBAHIS HA IPUMEPE. 3aa/IM TICEBIO-
IKCIIEPUMEHTAIbHbIE IaHHbIE, GA3UPYIONINECsT HA KCIIOHEHIMANbHON hyHKIUKM y=e . 3a-
TeM paccurTaeM Ha OCHOBAHUM MX KoahduimeHTs! nosmuoma 6-it crernenu. [loctpous rpa-
$ukn mosmHOMa U 9KCIIOHeHIMANbHON Gynknuu (puc. 16.28), mocMoTpuM, B 10CTaTOYHOI
JIU CTEIIEHU OHU cels1 CXO0Ke BEyT XOTsA Obl B 0OJIACTU JIOKAJIU3AIUYT TOYEK.

i:=0..13 err:=morm(26,0,0.3)
xi::0.2-i y;i=e +err

R:=regress(x,y,6) S(t) :=interp(R,x,y,t)

t.t.x

Puc. 16.28. Ocumnnsaumsa noaMHOMA BbICOKOW CTEMEHM MPU pacyeTe perpeccumn Ha OCHOBaHNN
LaHHbIX HE NOJSIMHOMWANbLHON NpUpPoab!

B TOM, 4TO IIpUOIMKATL JAHHbIC HE HOJMHOMUAILHON IPUPOALL MOJTIMHOMOM MOKHO Aajie-
KO He Bcer/a, Mbl yoeauuch. [Ipobiema 3aKIiouaeTcss B TOM, 4TO TIOJMHOM HU3KON CTEIeHN



16.3. PerpeccuBHbIVi aHanm3 gJaHHbIX < 633
He crocobeH 0TO6Pa3UTh CJIOKHBIE 3aBUCUMOCTH, MIMEIOIIIE HECKOIBKO AKCTpeMyMoB. [1o-
JINHOM K€ BBICOKOI CTelleHW UMeeT SIDKO BbIPa)KeHHYI0 CKJIOHHOCTDb K ociuiisiuu. Ho
MOJKHO JIM KaK-TO MTPEO0/I0JIETh OIMCAHHBIE CTI0KHOCTH, <ITOMMAB JIBYX 3al1IeB»? JTO peasib-
Ho. IIpu mocTpoennn cpejiHeil KPUBOH /11 9KCIIEPUMEHTATbHBIX JIaHHbBIX, MATEMATUUYECKO-
0 3aKOHA JIJIsl KOTOPBIX BbI HE 3HaeTe Jake MPUOIU3UTETBHO, CAMBIM ONITUMAIBHBIM XO0M
OyJIET MCIIONB30BAHNE PEMPECCUU C TTOMOIIBIO OTPE3KOB TOJIUHOMOB. [IpUHIMIT Takoii per-
peccun 9eM-To CXOK C UEeSIMU CIIAlH-UHTEPIIOJSAIIN U 3aKTI0YAeTCs B TIOCTPOEHUH Cpel-
Hell KpUBOH 13 (hparMeHTOB HECKOJIBKUX MMOJTMHOMOB HU3KOH CTETIeHU, KK b N3 KOTOPBIX
3a/1aeTCd Ha OCHOBAHUN BCETO HECKOJIbKUX TOUEK HA OTHOCUTEJBHO Y3KOM MHTEpBAJIe.

Perpeccust hparmenTamMu MOJIMHOMOB BTOPOit cTerern ctpoutcst B Mathcad ¢ momornio crc-
TeMHOH yHKINH loess(x,y,span), Tae X U Y — BEeKTOPBI SMITNPIYECKIX AAHHBIX, Span — BeJN-
YITHA, OTPeIesIAoNas AMNHY OTPe3KOB 1 moanHoMoB. [Tocaemuuiit mapametp mpeiesbHO
BaKEH, TaK KaK €ro IpaBUJIbHOE 3a/laHne orpesessieT a(hdexTuBHOCTL perpeccun. /laBatb
KaKHe-TO TOYHbIE PEKOMEH/IAIIMH 110 BBIOOPY BEJIMYMHBI SPan O4eHb CI0KHO, TAK KaK Hau-
JIydiiiee ero 3HaueHNe MOJKeT BECbMa 3HAYNTEIbHO M3MEHSITHCS B 3aBUCHMOCTH OT IT1ara MesK/Ly
TOYKaMK (4€M OH MEHbIIIE, TEM MEHbIIIE, Yallle BCEro, 0JuKeH ObITh Span), YPOBHSI HOrPEI-
HocTH (4eM OH 6oJIblIle, TeM OOJIBIIIE JOJKEH OBITH SPan), OT BUAA YCPEIHSIEMOI 3aBUCUMOC-
. B cripaBounoii cucreme Mathcad B kauecTBe ONTUMATBHOTO 3HAYEHNUS Span HA3bIBAETCS
uucyo 0.75, OHAKO OMBIT TIOKA3bIBAET, UYTO ITA BEIUINHA MAPAMETPA MOAXOUT JATEKO He
Beerga. Tak, eciv 3HaYeHUE Span BIGPAHO CJMIIKOM OOJIBLIUM, TO Pe3yJibTaTr He OyIeT oT-
JIMYATBCSE OT OOBIYHOM PErpeccu OJUHOMOM 2-ii CTeleHU, a IPU CIIUIIKOM MaJIoil ero Be-
JM4KrHe KpuBast OyeT cKopee HAOMUHATH WHTEPHOJISIIUOHHYIO, HEKEJIU PErpecCuBHYIO
(unm pesyabTaT Boobiie He OyzeT mosyder). B obiiem ciydae, mpoBOIs perpeccuio par-
MEHTaMHU TTOJIMHOMOB, BBI JIOJIKHBI TO9KCIIEPIMEHTHPOBATD € PA3IMYHBIMU 3HAUYEHUSAMNI
span u BBIOPaTh U3 HUX TO, KOTOPOE AACT HAarOoJIee TTIOAXOSIINI, KAK TTOJCKAXKET BAIIl OIIBIT
1 UHTYWINS, pe3yJbTar.

CDyHKHI/IH loess BBIYHCIISIET TOJIBKO BEKTOD C KOB(I)(I)I/IHI/IGHTB.MI/I COOTBETCTBYIONIUX IMOJIMHO-
MOB. UT00BI TIOCTPOUTDH Ha €ro OCHOBAHNU KPUBYIO PErpeccuu, Hy;KHO 3a/1eliCTBOBATD (1)yHK-
IO interp. HEJIaeTCH 9TO TOYHO TakK K€, KaK B CJIy4dae q)yHKHI/II/I regress, Tak 4TO €e1le pa3 oc-
TaHaBJIMBATbCA Ha 9TOM BOIIPOCE MbI HE 6yz[eM.

[IpuBezieM rpuMep OCTPOEHUST KPUBOM perpeccuu /ijisi CUHYCOUIATIbHO PACIIpe/ie/IeHHbIX JIaH-
HBIX C TIOMOII[BIO ITPOCTOM MOJMHOMUAIBHON PErpeccru 1 perpeccu (pparmeHTaMu MOJTMHOMOB.

Mpumep 16.8. Perpeccus dparmeHTamu noIMHOMOB (puc. 16.29)

N = 30
Err:=morm(N,0,0.5)

i=0.N-1 X =21+ 47:-; y. :=3-sin(x)+ Err.
1 N 1 1 1 1

R :=1loess (x,y,0.3) Rp :=regress (X,y,5)

Reg(t) :=interp(R,x,y,t) Regp () :=interp(Rp,X,y,t)
W3yymB npuBeZIeHHBIN TTPUIMED, BbI, HABEPHOE, COTJIACHTECH, YTO B CJIydae CenuuuecKux
3a/au perpeccusi OTpe3KaMu MOJMHOMOB HAMHOTO 3 deKTHBHEe, YeM TIPOCTas MOJTUHOMU-
aspHast perpeccusi. Tak, KpuBasi, IIOCTPOEHHAS € MTOMOIIbIO GyHKIUU l0ess, MPaKTUuIecKu
UJIeaTIbHO COBIALAET € TPAPUKOM, COOTBETCTBYIOIINUM 3aKOHY, 10 KOTOPOMY pacripe/iesieHbI
AMITUPUUECKHUE JIAHHbIE, YeTO HEJIb3s1 CKA3aTh O TIOJUHOME 5-i1 CTereH , 3a[aHHOM (hyHKITH-
ell regress.
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x,t.z x,t.z

ala

Puc. 16.29. NonmHoMumnansHas perpeccus (cnpaea) 1 perpeccus otTpeskamu nosMHOMOB (criesa)

Bmpouewm, yemex perpeccuu gparMeHTaMu TTOTIMHOMOB B mpuMepe 16.8 okasasics Bo3MOXK-
HbIM OJiarofiapst yaaunomy 1moabopy napaMerpa span. Utobbl OATBEPAUTD HTO, IIPUBEIEM
TPUMEPBI CPEIHUX KPUBBIX JIJI APYTUX ero 3Hadenuii (puc. 16.30).

SPAN=02 SPAN=075 SPAN=5
. (g% o
/ Bl i3
R R

i Y g ]
Pt & o
ll Q @ [ 1 %
[e IR 1 :
§ K 1
¥l
o

Puc. 16.30. Perpeccus ¢pparmeHTaMmm NOANHOMOB MPY Pa3Ho BeNNYMHE napameTpa span

CpasuuB kpusbie Ha puc. 16.30 ¢ seBbiM Tpacdurom Ha puc. 16.29, BbI, HaBepHOe, cOTIACH-
TeCh, 4TO perpeccus, npoeaetnas mpu span=0.3, 6buia camoii apdexrusnoit. Keraru, o6pa-
TUTE BHUMaHNE Ha TO, YTO CPEJIHSsI KPUBAs, TOCTPOEHHAS IIPYU PEKOMEH/I0OBAHHOI B CIIpa-
BOYHOH cHcTeMe MPorpaMMbl BejnunHe span=0.75, He BbIZIEPKUBACT HUKAKOW KPUTHKU
B IIJIAaHE COOTBETCTBUS NCTUHHOMY 3aKOHY, TI0 KOTOPOMY PACTIpe/ieIeHbl SMITNPUYECKIE JTaH-
HBIE. A 9TO TOBOPHT O TOM, UTO peKoMeHaIms cosmareneit Mathcad B manHOM coryuae ot-
HIO/Ib HE YHUBEPCaJIbHA.

16.3.3. MHOromepHasa nonaMHoOMManbHaa perpeccus

O6paboTKa pesyIbTaTOB U3MEPEHHsI XaPaKTEPUCTUKH, 3aBUCAIIEH OT ABYX (nam GoJee) me-
PEMEHHbIX, — 5TO 3a/a4a Ha MOPAAOK OoJiee TPYAOeMKasl, YeM BbIYMCIICHNE IPOCTOl OHO-
MepHo# perpeccun. OjHako ecm y Bac ecth Mathcad, To B GoJIbIIMHCTBE CIydaeB ee MOKHO
PEIIUTH OYEHD MTPOCTO, UCIOJIb3YsT BCTPOCHHBIE aJITOPUTMBbI ABYMEPHOI MOJMHOMUATBHOM
PErPecCrr U Perpeccuy OTPe3KaMu ITOJMHOMOB.

Tak Kak MHOTOMEpPHAsI MOJTMHOMMAIBHAST PETPECCUs CTh 0000NIEHNe OHOMEPHOI perpec-
CHH, TO BCE, O YeM MbI TOBOPUJIN B MIPEABIAYIIEM TIOApas/ee 06 0COOEHHOCTIX pacuera Ko-
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2 GUIMEHTOB MOJUHOMA [0 METOy HAUMEHBIINX KBAa/[PATOB, MOKHO aBTOMATUYECKU TIe-
peHecTH Ha MHOTOMEPHBIH cirydail. [ToaToMy B 1TaHHOM TOpas/iesie Mbl PACCMOTPUM JINTITh
TEXHUKY BBIUMCJIEHNST MHOTOMEDPHOH MOJTMHOMHUATLHON perpeccuu, He yaesisdss BHUMaHue
MaTEeMaTUYECKUM J[ETAJISIM.

C upubimkenueM BIOOPKHU JaHHBIX HEKOTOPOU MOBEPXHOCTBIO MbI Y3Ke BCTPEYAIHCH, KOT-
J1a pasbupasy MHOTOMEPHYIO CILUIAHH-MHTEPIOIALMIO. [{ByMepHast OJMHOMUAIBHAS PET-
peccust CTPOUTCS TPAKTUYECKH aHAJIOTMYHO, OJTHAKO HEKOTOPbIE, BECbMa CyII[eCTBEHHbIE
11 HeOUYeBHU/IHbIE, TEXHIYECKUEe JETAJIH [P 3TOM Bce ke nmeroTcs. [loatomy crout paccMor-
peTh T0CIe0BATeIbHOCTD 33/IaHIsT YCPeHSIONel TOBEePXHOCT! MO IyHKTaM.

1. Jlis navasia 3a1aiuM BbIGOPKY TICEBIOIKCIIEPUMEHTAIBHBIX AaHHbIX. Tak Kak og00HYIO

paboTy MbI yiKe He Pa3 BBINOJIHSLIH, TIPUBEAEM JIUIITb COOTBETCTBYIONIMN JIMCTUHT (BKJIIO-
vasg puc. 16.31), He KOMMEHTUDYS €eTo:

N:=6
i:=0.N-1 ji==0.N-1
104 .
X. .:=—1—5 y. .:=10-;—5
1,] N-1 L] N-1

Emr:= morm(N2,0,0.3)

= 2+ 2+ + E
Zi,j"(’%,j) (yi,j) (’%,j yi,j) T jei

(-9 (.79

Puc. 16.31. [ToBEpXHOCTb, MOCTPOEHHAas Ucxoas U3 HeobpaboTaHHOK BbIGOPKMN

2. Jlamee TpeGyeTcst OMPENETUTh BEKTOP KOI(MOUINEHTOB MOJMHOMA PETPECCHU € TIOMO-
B0 y>Ke XOPOIIIo 3HAaKOMOH HaM (yHKIuu regress(XY,Zn), rae XY — MaTpuIia 3HAUCHIIH
[IePEMEHHDIX, Z — BEKTOP 3HAYCeHUIl SMINPUYECKU OIIPe/e/IIeMOil BeJIMUUHDL, N — IIOPsi-
JIOK COOTBETCTBYIONEero nmonnHoma. B marpune XY 10/KHO OBITH CTOBKO CTONOIOB,
QyHKIIMEN CKOTBKUX TePEMEHHbBIX ABJISETCS UCKOMBIN 1osanHoM. Ha mpaxkTuke moutn
BCer/la BCTPEYAIOTCsI TIOJTMHOMBI OT JIBYX HePeMEHHbBIX.

ECJII/I, IIPOBOJA aHAJIOTHIO C MHOI‘OMepHOIL/'I HHTepHOJISIHI/Ieﬁ, BbI ITIOIIbITAa€TECh 3a/1aTb
B MaTpuiie XY TONBKO 3HAYEHUS QJIEMEHTOB, JIeKalllUX Ha TJIaBHOM AaroHaJ I MaTpull
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MepeMEeHHbIX, a Z COXpaHuTh B (hopMe KBaZpPaTHONH MaTPHIbl, TO paboTaTh (yHKIIMS
regress He Gyzer. Bee €710 B TOM, UTO TTapaMeTPhI B CJIydae IBYMEPHOI PETPECCHT OTTpe-
JETSIoTCsT TTo-ApyroMy. Tak, matpuita XY T0JKHA OBITH 0O6pa3oBaHa IBYMsI CTOJIOIAMI,
B TIEPBOM 13 KOTOPBIX JOJKHBI PACIIONATATHCS KOOPAMHATHI 9KCTIEPUMEHTATBHBIX TOYEK
1o ocu abCImce, a BO BTOPOM — T10 OCH OPAMHAT (BIIPOYEM, OUEPENIHOCTD 3alaHusI Iepe-
MEHHBIX HE UIPAaeT B TPEXMEPHOM cirydae 0coboii posn). VX mocsienoBaTebHOCTh Cie-
JLYET 3a/1aTh TaKOil, KaK OYATO OHM TPOYUTAHBI 3 COOTBETCTBYIONINX MATPHUIL TaK, KAK MbI
YUTAEM KHUTY: CJieBa HAIPaBO M CBEPXY BHU3. AHAJOTHYHBIM 00Pa3oM B BUJIE BEKTOPA
JOJKHA OBITH TIPEICTABIEHA U MATPUIIA OTIBITHBIX 3HAYCHUH Z.

B ToM, uTO /laHHbIe IPU BBIYNCJIEHUN IBYMEPHOI Perpeccun OpraHu3yIoTcst 10 IPYroMy
MIPUHIIUILY O CPABHEHUIO ¢ MHTEPHOJIALNEH, eCcTh onpesiesieHHbIi cMblcs. Tak, Harpu-
Mep, 9TO TO3BOJISIET 0OpabaThIBATh BHIGOPKH, TOUKKM KOTOPBIX PACIIONAraloTCst He B y3J1ax
KaKOIi-TO [IPaBUIBHON CETKH, & TIPOU3BOJILHBIM 00pa3oM. [1o06HbIH MOAX0/ 3HAYNTEb-
HO PacIINpsieT BO3MOKHOCTH JIBYMEPHOI Perpeccurl.

Ecom Barmm famHbie OpraHn30BaHbl B BUIe MATPUIL (& TaK OHO Jalle BCETO U ObIBAET),
TO IPeo6Pa30BaTh X B HYKHYIO (POPMY MOIKHO, HAIIMCAB [BE IPOCTEHBKUE IIPOTrPAMMBL

R:=|n<« 0 Z:=In<«0
‘ )
for i€0.. 1ast(x<0>) for 1€ 0..last (z )
. (0)
for jeO.. last(x<0>) for jeO. last(z )
Rln(_x,' Zn(_zi,j
R2 «vy. . nen+l
n i,]
V4
n<n+1
R « augment (R1,R2)
R

Korzia manubie 6yyT OpraHM30BaHbl COOTBETCTBYIONMM 00Pa3oM, MOKHO OIPEIEUTh
BeKTOp K03 HUIIMEHTOB MOJUHOMA PETPECCUN:

S :=regress (R,Z,2)

3. Yrobnr Temepn 3a7aTh (HYHKITHIO, COOTBETCTBYIONIYIO PACCUMTAHHBIM TTApaMeTpaM per-
peccud, cieayeT 3aeiicTBoBaTh yHKIHNIO interp. O4YeHb BAKHBIM M TOHKUM MOMEHTOM
SIBJISIETCSL TO, YTO OHA JOJDKHA ObITH OIIPEeIeHa KAK 3aBUCUMOCTD OT [BYX IIEPEMEHHBIX,
YTO MOKHO CJIEJIaTh 3aHECCHUEM Ha MECTO ee YEeTBEPTOro IapaMeTpa BEeKTopa 13 ABYX
CTPOK, COJIepKalNX COOTBETCTBYIOINE CUMBOJIbL

I(t, k) :=interp| S,R,Z,

4. Jlanee 3ajagnm rpadiK Kak MOBEPXHOCTH ObICTPOTO TocTpoenus (puc. 16.32).

Bbl1, HaBepHOE, corsiacuTech, UTO 17151 TPUBE/ICHHON 33/1a4 aJITOPUTM JIBYMEPHOI perpeccun
cripaBmJICst ¢ pobJieMoll yepeaaenus fanubix 6eaynpedno. OHako B ciydae Hosee CI0K-
HBIX 3aBUCHMOCTEH TTOJIMHOMUATIbHAST perpeccusi MoxkeT 6bITh HeaddexrnsHa. Ecoi moepx-
HOCTB, COOTBETCTBYIOIIAS BAITIM JaHHBIM, IMEET MHOTOUNCIEHHBIE 9KCTPEMYMBI MJIN TBHO
He TIOJIMHOMMAJIbHYIO IIPUPO/LY, TO /LI HOCTPOEHUST PErPecCun JIydllle UCII0Ib30BaTh aJIro-
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PUTM OTPE3KOB TIOJIMTHOMOB. 33/Ia€TCsI TaKasi PErPECcCUst TOUHO TaK JKe, KaK ITTOJTIHOMUAJb-
Hasl, TOJIBKO BMeCTO (DYHKIINNU regress Hy:KHO MCIIOIb30BaTh QYHKINIO loess.

I I

Puc. 16.32. Pe3synbtaT BYyMEPHO NONMHOMMANBHOW perpeccum

16.3.4. O600LwWeHHaa NIMHeHasa perpeccus

Jlunelinas perpeccus pefiHa3HAYEHA JITIsT OTIpeiesieHrsT KoahGUIIMeHTOB JNHENHHOW (hyHK-
K y=a-x+b, Koropas HauydumM 06pa3zoM HPUOIMKAET IKCIEPUMEHTAIbHBIC TaHHbIE.
3agaua 06061eHHON JMHEHHON Perpeccuy — OTBETUTD HA CJIELYIONINIT BOIIPOC: KaKUe 3Ha-
YeHNs JI0JKHBI TIPHHAMATh KOI(DMUITMEHTHI A, @, ..., Ay, YT0ObI dynkimsa F(x), apsiomas-
ca maHeinbM couetannem N+1 mpoussombroil dynkmmm f(x), f (x), ..., f(x) (To ecTb
F(x)=a f (x)+a, f (x)+..+af (X)), mpoxonuma Mex Iy SKCHepUMEHTaTbHBIMU TOYKaMH TakK,
4TOOBI CyMMa KBaJIPATOB PACCTOSIHUIL OT TOYEK 1 /10 KPUBOU F(X) Obliia MUHUMAIBHO?

Ha nepsbiii 31 3aga4a 0600MIeHHON TMHEIHHOM Perpeccuil KayKeTcs 04eHb CJI0MKHOM I
permennst. Ha camom ke jiesie 510 He Tak. BoiBectn ee pabouyio opMyJIy JIETKO 1O TOMY Ke
MIPUHITATTY, KaK paHblile HaMH GbITa BbIBe/ieHa (hOpMYJTa [UIsT pacueTa TIOMMHOMIATbHOM per-
peccun. [leiicTBUTENbHO, TOJUHOM cTerienn N eCTb He 4TO MHOe, KaK JIMHEeITHOe coueTaHme
bynxumit f (x)=1, f (x)=x, {,(x)=x? .., {(x)=x". 3nas s10, pabouyio bopmy.Iy TOIMHOMH-
aJIbHOIT perpeccuu Jierko mpeobpaszosaTh B (hopMyary st pacdera 0000IIEeHHON TUHEHHOIM
perpeccun IIpocToii 3amenoii X* a f,(x), a x* — na fp(x):

N

K K
2 20 ) Hl)= 2 )
n=0 k=0 k=0

Ha ocxoBanuu rosry4eHHoi (hOpMyJIbl CO3MaAUM [IPOTPAMMY JJIsI BBIYUCIeHUsT 0600IIeHHON
JMHelHOH perpeccun. B kadecTBe mapaMeTpoB oHa OyieT IPUHUMATD BEKTOPBI 9KCITEPIMEH-
TAJIbHBIX JAHHBIX X 1 Y, & TaKKe BeKTop-yHKImio F, ameMeHTaMir KOTOpoil OyIyT SIBJISITHCST
(dynkiumy, obpasywolipe JuHeiiHoe coueranue. PesysbraTroM paboThl IPOrpaMMbl OyzieT BeK-
TOp, cofiepsKamuii KoahdOUINEHTHI 71 BeeX (MYHKINI JTUHelHOTO codeTanus. Pacmonosxe-
HbI KO9(DUIMEHTBI B BEKTOPE OTBETA OYYT B TOM Ke MOPSIIKE, YTO U COOTBETCTBYIONINE UM
dyukinuu B BekTop-byHKImMY F.
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gen lin_reg(x,y,F) := | for i€ 0..last(F(x))
for j e 0..last(F(x))
( last(x) last(x)

e 0 v E )

Isolve(M, N)

Yro6b1 TIPOBEPUTH 3(H(HEKTUBHOCTD HAMTMCAHHOM TIPOTPAMMBbI, CTEHEPUPYEM TIOCITIEI0BATEb-
HOCTb TICEB/[09KCIIEPUMEHTAIBHBIX TaHHBIX, OCHOBAHHBIX Ha (DYHKIINH, SBJSIONICHCS -
HENHBIM COUeTaHNEM YEThIPEX PA3HOPOAHBIX (DYHKITUI:

N:=30
i=0.N err :=morm(31,0,3)

X :==5+ 031 y. = Sosin(x.)+ 3~cos(2x.)+ 4~3 X.+ 5-X. + err.
1 1 1 1 1 1 1

I[aJIee 3a/la/IUM OIIMCbIBAIOILY O JIMHEHOE COYeTaHue (byHKIlI/Iﬁ BeKTOp-(byHKL[I/IIO F:

F(x) := (sin(x) cos(2x) %/;( X)T

[TponsBoanMm pacdeTr koahdUIIEHTOB:

gen lin_reg(x,y,F)| = (4.104 3.054 5.728 4.251)

Koadbdurumentsl, ¢ yderom crierinuunocTu 3ajiadu U BICOKOTO YPOBHSI OTPEIIHOCTH,
OBLTN HaliIeHbl TOBOJIBHO HETIoX0. KpuBast, mocTpoeHHas Ha MX OCHOBAHUH, BeJlET cebst
TPAKTUIECKH TaK JKe, KaK «IIPaBUJIbHASI» KPUBas (CM. HITKE).

B Mathcad st Bbruricsiernst 06001eHHON IMHEHHO perpeccut CIysKUT BCTPOeHHAs (DYHK-
nus linfit(xy,F), e x u y — BeKTOPbI SMITMPUYECKUX JAHHBIX, F — BekTOpHAS QyHKIMS, CO-
JiepIKalast B KaUecTBe aJIeMEHTOB (hYHKIIMHI, BXOJAIIIE B JTUHETHOe couetanne. [Tompobyem
C ee MOMOIIIbIO HAUTH KOIDMUIUEHTDI [JIsT TOH JKe 3aBUCMOCTH, PETPECCUIO JIJIsT KOTOPO
MBI ysK€ PacCYMTaj MOCPEJCTBOM TIPOrpaMMbl gen_lin_reg:

linfit(x,y,F)T: (4.104 3.054 5.728 4.251)

Kaxk Bugure, pesyabraThl, BblganHbie gen_lin_reg u linfit, B Tounoctu cosnagaior. Cremosa-
TesibHO, pazpaborunk Mathcad vcnosb3oBaiu TOT JKe aJTOPUTM, YTO ¥ MBI

Hawm octanoch TOIbKO TTOCTPOUTH FpadrKU «ITPABUIBHONY (PYHKITUN U (DYHKITUU pETpeccun
(puc. 16.33), 4To6GbI CpaBHUTH, HACKOJIBKO CX0ke OHU cebst BeayT. Cozmarh HEOOXOAUMBIE
JUIS1 9TOTO (DYHKIIMH TIPOTIIE BCETO, CKAISIPHO MEPEMHOKIB BEKTOP KO3 (HHUIIMEHTOB (MCXO/I-
HBIX WM BBIYUCIEHHBIX aJITOPUTMOM PETPECCHU) U BEKTOP-pyHKIHO F:

Z(t) :=linfit(,y,F)-F(t)  B(t):=(5 3 4 5) -F(t)

[MosmHOMUATBHAST PETPECCHST — TO YACTHBIN Carydail 0606IIEeHHON JTMHEIHON perpeccu.
CoOTBETCTBEHHO, T€ CTAOOCTH, KOTOPbIE TIPUCYIITN ATTOPUTMY TIOJHHOMHUATLHOM PETPECCHT,
OymyT XapaKTepHbI U it 0000IIeHHON JrHeitHoN perpeccui. UToObl He TOJTYyYUTh PE3yJib-
Tar ¢ 6oJIbIIOIT OIMOKOH, CciielyeT KOHTPOJIUPOBATH TO, AOCTATOYHO JIU XOPOIIO 00yCIIOBIIe-
Ha Marpuia KoadduienTos, B mporpamme gen_lin reg nMeronias nassanue M. Ona Gyer
TeM XysKe 00yCIoBIIeHa, ueM 6oJibliie (GYHKIMI BXOJAUT B JIMHEIHOE coueTaHue 1 yeM Ha 60-
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Jiee Y3KOM MHTepBaJie JIOKAJTM30BAHbI 9KCIIEPUMEHTAIbHbIE TOYKU. TaKkke MHOTOEe 3aBUCUT
OT TIPUPOJIBI U CBOMCTB (DYHKITHIT, 0OPA3yIOIINX JTHHEHHOE COueTaHNE.

t.t.x

Puc. 16.33. «[1paBunbHas» KpuBas, KpMBas PErpPeccun N 3KCNepUMeEHTaNIbHbIE TOYKMN

16.3.5. Perpeccua o6wiero emaa

Kak npaBuio, nponsBo/ia Kakue-To M3MEPEHNs], HallpuMep, Ha JabopaTtopHoii pabote no ¢u-
3MKe, Bbl 3HAE€TE MATEMATUYECKUI BUJ] TEOPETUUECKOTO 3aKOHA, OTMCHIBAIONIETO U3yYaeMOoe
Bamu siBjeHne. Korneuno, B GOIBIIMHCTBE Caydaes st 00pabOTKHM MOJTYYEHHBIX JAHHBIX
MOKHO KCII0JIb30BaTh YK€ PACCMOTPEHHbIE HAMU JIMHEHAHYIO M MOJMHOMHUAILHYIO PErpec-
cun. OHAKO OYeHb 4acTo (pUBNYECKUE 3aKOHOMEPHOCTH XapaKTepU3yIoTes U 6oiee CIokK-
HBIME (POPMYJIaMH, COAEPIKAIIUMHU, HAIPUMEP, CUHYC WM 9KCIIOHEHTY. MOKHO JI METOIOM
HaMMeHBUINX KBaJPaToB HaXOANUTh MapaMeTphl MOA0OHBIX 3aBUCUMOCTEH? B mpunimne, 1a,
XOTST 9TO TOPA3/I0 CJAOKHEE, a PE3yAbTAT OYAET OMMMOOYHBIM € TOPasIo GOJIEE BBICOKOI BEPO-
aTHoCThIO. OOBIMHO 5Ta 3a/1a9a CBOAUTCS K PEIIEHUTO CHCTEMbI HETMHEHHBIX yPaBHEHHI NI
MOKMCKY MUHUMYMA (DYHKITMU HECKOJBKUX MepeMeHHbIX. COOTBETCTBEHHO, TPYAHOCTH B ONpe-
JIETIEHUU perpeccrn ob1ero Buaa GyayT 00yCca0BIeHbI CIA00CTIMU COOTBETCTBYOIINX YHC-
JIEHHBIX aJTOPUTMOB.

I[TponemorncTprpyem Ha IPUMEPE TO, KAK MOKET OBITh PeaII30BaH AJITOPUTM PETPECCHH LIS
oTrpe/ieJIeHNsT TapaMeTPOB 3aBUCHMOCTH TIPOU3BOJILHOTO BHUja. IIpencTaBuM, 4To B pesyiib-
TaTe sKCIeprUMenTa Oblja MoJTyYeHa MOC/Ie0BaTeIbHOCTD Touek {X,, ¥, }, ke 0..K, mpuuem us3-
BECTHO, YTO M3Yy4aeMoe sIBJIEHHE MOXKET ObITh OIUCAHO CJIeAyIoliel (hyHKIrel::

y = a-sin(w-x+ t)

Ham Heo6xoauMo HallTH, U KaKMX 3HAUEHUSAX [TapaMeTpoB a, W, t cyMMa KBaJpaToB pac-
CTOSTHUIT OT KPUBOM /10 OKCIIEPUMEHTATIBHBIX TOYEK Oy/eT MUHUMaIbHON. UTOOBI OTBETUTH
Ha 3TOT BOTIPOC, 33/IaINM [IJIsT Havasta (hyHKIMIO ommbKky mpubikerus E:

K
E(a,w,t) = Z (a-sin(xk + t)+ W — yk)z
k=0

Hawmyumemy mpubsmimkeHIo O6yIeT COOTBETCTBOBATh MUHIMYM (hyHkItnn E. YToObI HaiiTH
KOOPAMHATBI TOYKM MUHUMYMa, BCIIOMHUM 00s3aTeIbHOE YCJIOBUE dKCTpeMyMa (hyHKIIH
HECKOJIbKUX TePEMEHHBIX: BCe YaCTHbIE TTPOM3BOIHbIE (DYHKIIUU JIOJKHBI paBHATHCS (. BbI-
YUCJIUM YacTHbIE IIPOU3BO/IHbIE E 110 BceM IepeMeHHbIM:
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Z—aE(a,w,t) = kgo 2-(a-sin(xk + t)+ w— yk).sin(xk + t): 0
K

%E(a,w,t) = Z 2-(a-sin(xk+ t)+ w—yk)-a~cos (xk+ t): 0

k=0 K

6—E(a, w,t) = Z (2~a-sin(xk + t)+ 2-w— 2-yk): 0

oW
k=0

PemuB mosryueHnyto cucTeMy HeJMHENHbIX YpaBHEHUH, Mbl HalileM ONMTUMAaJbHble 3HaUe-
HUS TTapaMeTpoB a, W, t.

HpOBepI/IM Halll BbIBO/IbI Ha ITPAKTHUKE. IIJIH 9TOTO CreHeprupyeM Ha OCHOBaHN d)yHKLII/II/I
C U3BECTHBIMU TapaMeTPpaMM TICEBAOIKCIIEPUMEHTAJIbHYIO 3aBUCUMOCTD!

N:=100
a:=2 wi=1 t:=1
i:=0..N err:=morm(N + 1,0,0.1)

i .
X 1=—T + 21— y. = a~sm(x + t)+ W + err,
1 N 1 1 1

Peuraem cucreMy ypaBHEHHH M3 YaCTHBIX IPOM3BOAHBIX (pyHKIMuU E nocpeacrsom 6Gioka
Given-Find. HauasmbHble TpUOIMKEHNST CIEAYET B3ATH JOCTATOUHO OIU3KMMHU K UCTHHHBIM
3HAYCHMAM TTapaMeTPOB, TaK KaK CHCTeMa, BBUY TOTO, YTO B Hee BXOJAAT MEPUOIIMYECKIE
dyukimm, nMeet GeCKOHEYHOE MHOKECTBO PEIIeHnil (TT09TOMY ILIOXUe TPHOJIIKEHHsT MO-
TyT IPUBECTH K HAXOXK/EHUIO HE TeX KOpHeit).

K :=last(x)
a:=3 t:=2 w:=0
Given

kZI:: (a.sin(xk+t)+w—yk).sin(xk+t)=0 kZI:“O(a.sin(xU t)+w—yk).a.cos(xk+t):0
kZ::o (sin s+ )+ w-,)=0

T
find(a,t,w)" = (1.997 1.009 0.986)

Wrak, mapameTpsl 3aBUCUMOCTH YAQIOCh HATH 0CTATOYHO TOUHO. [lefiCTBYS aHATOTUIHBIM
006pa3oM, MOKHO BBIYUCISITH PETPECCHIO TSI 3aBUCUMOCTEH COBEPIIIEHHO TIPOU3BOJIHHOTO
BHUjIa C JTOGBIM KOJIIYeCTBOM MapaMeTpoB. OHAKO, KOHEYHO, HYKHO YUUTHIBATH, YTO UeM
60oJIbIITE OY/IET Y 3aBUCKMOCTH MTAPAMETPOB, TEM OOJIBIIIE B CHCTEME OYET YpaBHEHUN U, CO-
OTBETCTBEHHO, TEM CJIO)KHEE OYET €€ TIPABUILHO PEIINTD.

KcraTn, cymiecTByerT elie OfWH MyTh HAXOKACHNS NapaMeTpPOB HEJIWHEIHON perpeccuu:
MOKHO MCKaTh MUHUMYM (hyHKITMHN omnOKN E HermocpeacTBeHHO, NCTOJIBb3YsI O/INH U3 BCTPO-
eHHbIX B Mathcad unciieHHBIX aITOPUTMOB HEJTMHEIHON ONITUMU3AIUK (JIOCTYT K HUM TIpe-
noctassteT yHkiusa Minimize). TlonpoGyem TakuM crioco6oM peruTh Ty 5Ke 3a4a4y, KOTO-
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past BhiIe GbIJTa PelieHa MOCPEACTBOM TIOUCKA KOPHEN CUCTEMbI YPABHEHUI U3 YaCTHBIX TTPO-
U3BOAHBIX GyHKIH E:

a:=3 w:=0 t:=2
last(x)

E(a,w,t) := Z (yk—a~sin(xk+t)— W)2
k=0

Minimize(E, a,t, w)| = (1.997 0.986 1.009)

PesysibraThl pacuera napamMeTpoB perpeccu 000MMH CIiocobGaMit B TOUHOCTH coBnasm. M B aTom
HET HIYEro YANBUTENBHOTO: YHCTO MaTeMATHIECKU JIaHHbIE CIIOCOOBI MIEHTUYHBI, TIPOCTO B CJIy-
yae ucnosb3oBanus pyHkimu Minimize Mathcad BbinosiHsieT 3a Bac 4acTh ornepanuii.

YT06BI MOJIB30BATENAM, TATEKAM OT MATEMATHKH, He TIPUXOJIUIOCH BBIOJIHATH TAKKE CIIOK-
HbIE Orepanuy, Kak 3aganue GyHKIuu omuOKY UM CUCTEMbl YPABHEHUN U3 €€ YaCTHbIX
poU3BOAHbIX, paspaborurku Mathcad Berpownu B porpaMmy HeCKOIbKO (DYHKIMH, 1O~
3BOJISTIONINX BBIYUCIISITH PETPECCHIO METOJIOM HAMMEHBIINX KBAJIPATOB JUisi Hanbouiee pac-
[POCTPAHEHHBIX Ha IPAKTUKE HeJUHEHHbIX 3aBucumocteil. [lepedrcaum ot HyHKIUY:

expfit(xy,g) — perpeccus sxkcnoneHnuaabHON Gynkimei f(x)=a-e>*+c;
lgsfit(x,y,g) — perpeccus jorucruueckoii pynknumeit f(x)=a/(1+b-e¥);

a

a

Q sinfit(x,y,g) — cunyconpanbras perpeccus f(x)=a-sin(x+b)+c;
Q pwrfit(xy,g) — perpeccus crenennoii pyukimeii f(x)=a-x"+c;
a

logfit(x,y,g) — perpeccust morapudmudeckoit byuxuueii f(x)=a-In(x+b)+c;
HagepHoe, BbI yIKe I0TaIalliCh, 9TO TIAPAMETPBI X U Y PUBEACHHBIX (DYHKIUET COOTBETCTBY-
10T BEKTOPAM KOOPAWHAT SMIUPUYECKUX JAAHHBIX. A BOT O TOM, UTO CTOUT 3a [IAPAMETPOM &,
CTOUT MOTOBOPHTH TOAPOOHEE.

Bce neo B Tom, uto Mathcad paccuntbiBaer perpeccuio 061ero Buia TO4HO Tak e, KAk 9T0
JIeJIaJIi MbL: UCIIOJIb3YsI aJITOPUTMbI YUCJIEHHON ONTHUMU3AINK, OCHOBAHHbIE HA YNCJIEHHBIX
METO/IaX PEIIEeHUsT CUCTEM HeJIMHENHbIX ypaBHeHuil. YncieHtbie ke MEeTo/Ibl PeleHus CUc-
TeM HEJMHEHHBIX YPaBHEHNUH, Kak BB TOMHUTE, TPEOYIOT 3alaHusT HaualbHbBIX TIPHOJIIIKE-
HUIT K KOpHsIM. B ciyuae ¢hyHKIMIT perpeccust Tu TPUOJKEHIST BB TIEPEaeTe B BEKTOPE &.
Onu 0/KHBI GBITH TPUBEIEHBI B CJIEAYIONIEH TTOCTEI0BATENLHOCTH: &, b, ¢. K BbiGopy Ha-
YaJTbHBIX PUOIMKEHNIT CTONT OTHECTHCH OUYEHb OTBETCTBEHHO, TaK KakK OJIM30CTh 3HAUEH M
BEKTOPA g K UCTHHHBIM BEJIMYITHAM TTAPAMETPOB 3aBICUMOCTH KaK HIYTO JIPYTOE OTIPe/IeIsi-
eT 9(pheKTUBHOCTH BBIYUCJICHIS PErPECCU.

[TpuBOAUTH MPUMEP BBIYMCJICHUS BCEX TUIIOB CIIEIMAIBHOIN PErpeccuu Mbl He Gy/IeM, Tak
Kak JU1s1 BeeX (DYHKIMI ero MPUHIUIIBL aGCOMOTHO MAECHTUYHBL MBI paccunTaeM Jniib CH-
HYCOMIAJIBHYIO PETPECCHIO /s BHIOOPKH, TTapaMeTPhl KOTOPOIl BHIIIE yiKe ObLIN OTpeiee-
HbI HAIIUM COOCTBEHHBIM aJTOPUTMOM:

s 2| -[100)
L o)) oosd

CpaBHI/IBaH Ppe3yJibTaTbl, BbIITaHHbIE sinfit u HatIM AJITOPUTMOM, JIETKO y6eﬂI/ITI)CH, 4TO OHHU
ITOJIHOCTBIO COBIIAJAlOT. C]IelIOBaTEJII)HO, B ocHOBe sinfit iexaT Te ke njaeun, KOTopbie UCITOJIb-
30BaJIM MBbI.
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CaMOCTOATENBHO CO3/aBasl AJITOPUTM PacyeTa Perpecciu obIIero BUAA, MOXKHO HAITH Ia-
PaMeTphI 3aBHCHMOCTH COBepIIeHHO Jo6oro Buma. B Mathcad ecTs BetpoenHast GyHKIIA
genfit(x,y,g,F), KoTopas 1aeT BO3MOKHOCTD CIIPABIATBHCA C 3TOH 3aaueil HEMHOTO TPOIIeE.
B xavecTBe apryMeHTOB MaHHast (QYHKITHS TIPUHUMAET CIEIYIOTIIE TTapaMeTpPhI:

O X — BEKTOp OIIBITHLIX JAHHBIX I10 OCU aOCIHCC;
U y — smnupuyeckue JaHHbIe 110 OCU OP/IVHAT;

Q g — BeKTOp MPUOMMKEHUT 71T HEM3BECTHDIX MapaMeTpoB. [IpaBiiia ero 3aaHus Takue
’Ke, KaK TTPH BBIYHMCICHNN PETPECCHH CTIEIMATBLHOTO BHU/A;

Q F(x, g) — Bekrop-dyHKIwMs u3 n+1 ajiemMenTa, r/ie N — KOJMYECTBO PACCUUTHIBAEMbIX Ta-
pametrpoB. IlepBblii asieMeHT JlaHHOI (PYHKINI — 3TO OIMCHIBAIONIAST SKCIIEPUMEHTAIb-
HYIO 3aBHCUMOCTD (QYHKIIHSI, TTApAMETPBI KOTOPOU I0JIKHBI ObITh paccuntanbl. Camu mapa-
MeTPBI JIOJDKHBI (PUTYPHUPOBATh B BBIPAKEHNN KAK COOTBETCTBYIONIHE JIEMEHTBI BEKTOPA &
(cm. mpumep 16.9). Creyronie n 31eMeHTOB BeKTOP-hyHKINE F I0KHBI OBITD 3amos-
HEHbI BBIPAKEHUSIMU YACTHBIX [TPOU3BO/IHBIX OIUCHIBAIOIIEH 3aBUCHMOCTD (DYHKIMU 110
uCcKOMbIM TapaMerpaM. [Toc/ie10BaTeIbHOCTb YACTHBIX IPOU3BOAHbIX J0JIKHA ObITH Ta-
KOU JKe, KaK [OCJIe[0BATEIbHOCTD IPUOJIMKEHUIT K COOTBETCTBYIONIMM UM ITapaMeTpaM
B BEKTOpE &.

113 Becex pacCMOTPEHHBIX HAMU BCTPOEHHBIX (DyHKIMH perpeccun genfit sisiercst naubosiee
YHUBEPCAJILHOMH, OTHAKO M HanMeHee TOYHOH U TPYAHOH B McIoab30Bannn. Kak u 1 Bcex
OCTaJIbHBLIX PErPeccuil CreIMaJIbHOrO BI/Ia, OTPOMHOE BJIMSIHUE Ha TOUHOCTD pacyeTa Heus-
BECTHBIX MAPaMEeTPOB ¢ MOMOIIbI0 hyHKiwy genfit okaspiBaeT GIU30CTH 3HAYECHUIT DIIEMEH-
TOB BEKTOpa g K MCTMHHBIM MX BeJndynHaM. Kpome TOro, B OTJINYME OT BCEX OCTAJIbHBIX
BCTPOEHHBIX (DYHKIIMI perpeccrun, TOUHOCTDb pe3yJ/ibTaTa BbIYUCJIEHUH ¢ oMorbio genfit
3aBUCUT OT 3HAUeHUsI CUCTeMHON nepemenHoit TOL.

[TpuBezsem npumep pacueTa mapaMeTpoOB IMIUPUUECKON 3aBUCUMOCTH € TTOMOTIBIO (DYHKITUN
genfit.

Mpumep 16.9. PacyeT perpeccun ans npon3BosbHON 3aBUCUMOCTU
C ncnosnb3oBaHneM GyHKumm genfit
[TorpoGyem npumennTh GyHKIWMIO genfit i pacyera mapaMeTpoB HYHKINH CJEMAYIONETO BU/IA:
a
y® =—————
sin(x+ b) + ¢

Jlyist Havasta crenepupyeM Ha OCHOBAHWU JTaHHOUN (DYHKIINHU TTOCJIE0BATEIbHOCTD MICEBI0IKCIIEPIMEH-
TaJIbHBIX JIAHHBIX, TIOJIOKUB TIapaMeTpaM cJieylomue 3uauenus: a=2, b=1, ¢=2.

N:=30
a:=2 b:=1 c:=2
i:=0.N err :=morm(N + 1,0,0.1)

a
+ eIT.

X =27 + 4n-i Y. = —————
1 N 1 s1n(x,1 + b)+ c 1

3aainiM BeKTOp MPUOIMEKEHUH IS TapaMeTpoB g:

gi=(1 2 1)

Y0661 33/1aTh BeKTOP-GyHKIMIO F, BBIYMCIMM CHAYa/IA YACTHBIE [TPOU3BO/IHbIE (DYHKIIUK Y 10 BCEM
TPEM TTapaMeTpaM:
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d g0 1 d 20 &0
N -

Siﬂ(Z+ g1)+ %) dT%ZSin(Z"L g1)+ 2 (sin zZ+ g1)+ g2)2

d_gosin(z+ g1)+ g

d £0 N —80
dgy sin(z+ g1)+ £2 (sin(z+ g1)+ g2)2

Yro6bl BBIPAKEHUST IPOU3BO/IHBIX TTOJYYUTH B TOW (GOPME, B KOTOPOH OHU JIOJIKHBI OBITH 3aHECEHBI
B BekTOp-(GynKimo F, ncnospsyem s o6o3nauenus napaMeTpos UMeHa g, g, g,. BaxHoil ToHKocTbIo
SIBJISIETCST TO, YTO MHJIEKCHI B IMEHAX JIOJUKHBI OBITh TEKCTOBBIMH, & HEe MaTPUUYHBbIMU. VHavye pacuer

~cos(z + gl)

[IPOUBBO/IHBIX CleJIaH He Oy/ier.

Cosmaem BekTop-yHKImMI0 F (MHAEKCHI B IMEHAX TTAPAMETPOB JOJKHBI OBITh MATPHUHBIMI):

£,

(sin(z + gl)+ g2)2

F(z,g):= %0 ! %o ~cos(z+g1)

s1n(z+gl)+ g, sm(z + gl)+ g, (sin(z + g1)+ gz)z
TIpousBoum pacuer perpeccun, 3ajeiicTBoBaB GyHKiuio genfit:

genfit(x,y,2.F) = (1.968 1.089 1.997)

rak, 3HaueHus mapamMeTpoB (GyHKIINH, KOTOPAst JIETJIa B OCHOBY ICEBIOIKCIIEPUMEHTAILHON 3aBHCH-
MOCTH, ObLITH OTpe/iesieHbl genfit 10BOIBHO Hermoxo. [TocMOTpIM, I0CTATOUHO JI CXOKe BeayT cebst
«TIpaBWJIbHAS» KPUBas U Kpusas perpeccunt (puc. 16.34).

1.968 2
tr(z) ;== ———m
sin(z + 1.089)+ 1.997 sin(z+ 1) + 2

res(z) :=

3akaHuMBas PasroBOp Ha TeMy pacuera perpeccun B Mathcad, xoresoch Gbl 1aTh 0iMH cO-
BET: BBINOJIHSAS 06pabOTKY 9KCIIEPUMEHTANbHBIX AaHHBIX, CTAPAUTECH [eIaTh 9TO ABYMsI-
TpeMs aJbTePHATUBHBIMU criocobamu (6J1aro, BO3MOKHOCTH TIPOIPAMMbI 9TO TO3BOJISIOT).
U Bcerza, KOrja aTo BO3MOYKHO, He CKJIOHSSACH [epejl aBTOPUTETOM cozzareseil Mathcad,
BBIIIOJIHsANTE IPoBepKY. Takol moxxox 0cobeHHO BaskeH B 00JacT 06pabOTKH dMIIMPUYEC-
KMX JIAHHBIX, TaK KaK /IS PE3YJIbTAaTOB, MOJYYEHHBIX B TAKOTO POJa pacyeTax, XapaKTepHa
U3BECTHAS 10/ CyObEKTHBHOCTH.

2577 T T T

Tea(T)

tz)

o

z,Z,X

adiy

Puc. 16.34. «[lpaBunbHas» KpuBas 1 KpmMBas perpeccumn
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16.4. Kosapuauusa n koppensauus

B craTuctuke 17151 OIEHKU CUJIBI KOPPEJISIIUOHHON 3aBUCUMOCTHU JIBYX CJIYYAITHBIX BEJIUYUH
ncrnonb3yercst Koapduuient koppensinn 1. Ompesiensercst OH OTHONIEHIEM MaTeMaTi-
YeCKOTO OXKUIAHUS TPOM3BE/ICHISI OTKJIOHEHUN CIyYaiTHbIX BEJIMYMH OT UX CPEJHUX 3HAYE-
HUI K MPOU3BEICHUIO CPETHEKBAIPATUIHBIX OTKJIOHEHUH 9TUX BEJUUNH:

L (3 (59)

i=1

Tvy =

Xy Ox ' Oy

B Mathcad koaddurment koppeJisinum AByX BEIG0POK 10 AAHHOI (HOPMYITEe MOKHO TTOICYH-
TaTh C MOMOIIIBIO BCTPOEHHOI (hyHKIMM COrr(X,y).

Ecu xoahpuiiuenT Koppesisaiun paBeH Mo MOAYJIIO eJAUHULIE, TO MEXKIY CIydaliHbIMU Be-
JIMYMHAMU CYIECTBYET JIMHEIHAS 3aBUCKMOCTb. EC/IM Jke OH paBeH HyJIo, TO CIydailHble
BEJIMYMHBI He3aBUCHMBIL. [IpOMeKyTOUHbIE 3HAYEHNS T TOBOPAT O TOM, YTO JIBe BRIGOPKH
KOPPEJUPYIOT B HEKOTOPOU CTEMEHH.

Takske B CTaTUCTHKE MHOT/IA UCIIOJIB3YIOT TIOHsTHE KoBapuaruu. Kosapuaius, aTo, 110 cyTH,
He HOPMMPOBaHHAsE KOppessiiust. Tak Kak Ha NPpaKTUKe KOBAPUAIUSA UCIIOJIb3YETCsl, TJIaB-
HBIM 006Pa30M, JI7IsT pacueTa KOPPEJSAIIH, MOAPOGHO 0 Hell Mbl roBopuTh He Oyaem. B Mathcad
ectb (DyHKIIMST KoBapuanuu — cvar(x,y).

Pacuer KOppeJIsiiiuu 110J1€3eH BO MHOTHX CJIy4asiX. Mbl IPOAEMOHCTPUPYEM, KAK MOKHO UC-
M0JIb30BaTh JAHHBIN CTATUCTUYECKUI TTapaMeTp TIPU PEIeHUH 3a/1ad PErPECCUM.

Mpumep 16.10. Mpn HabNOAEHUM 32 USMEHEHNEM 3HAYEHUI NPU3HaKa y
Nnpuv pasnuyHbIX BennymHax daktopa X Obliv noJlydeHbl creayolpye aaHHble:

X 1 10 20 30 40 50 60 70
y 12,8 62,8 68,9 75,2 81,9 89,3 97,1 105,5

MeToo0oM HanMeHbLUNX KBaApaTOB ONpenenTb BUL, KPMBOW, ONMUCHIBAIOLLEN
3aBMICMMOCTb Y OT X

Hpemae BCETO, 3a/1a/IMM UMEIOIINECA JaHHbIE B BU/IE BEKTOPOB!

x:=(1 10 20 30 40 50 60 70)"
y:=(12.8 62.8 68.9 752 81.9 893 97.1 105.5)"

Ham HeO6XOI[I/IMO BbISICHUTD, K KAKOMY THITY OTHOCHUTCA 3aBUCUMOCTD MEK/1Y IMOJYYEHHBIMU OMIIUPU-
YEeCKMMU TOYKaMU. II./[H 9TOr0 HaHeCeM X Ha KOOPAUHATHYIO IIJIOCKOCTb. OTLLeJleO IIOCTPOUB 3aBUCU-
MocTH, HanboJIee yacTo BCTpevaroliecst Ha npaktrke (y=In(x), y=e*, y=x* y=a/X), MOXHO [PE/II0JI0-
SKUTD, UTO JIYUIIIe BCETO TOUKH JIOKATCS Ha JIoraprmirdeckyio KpuByio (puc. 16.35).

200 , 5 a0 : 1000 ' 5 l
w0 00 o (X 1. o 4% oF - 0

¥
oS00 oo

1
- X

|
0 -5 !
D -1000
pooam . v ST 10 ST -

b4 z x pid

(=1

Puc. 16.35. MNpubnmxkeHHoe onpeaeneHne 3aBUCUMOCTM MeXay SMMMPUYECKMMN ToHKaMm
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Takum 06pa3om, 3aiada CBOAMTCS K HaxokAeHnio KoadgduimenTtos ypasHenns y=a-In(b-x+c)+d. Yro-
6bl BOCIIONIb30BaThCs (DyHKIKMEH line, MpescTaBuM aHHyIo 3aBUCMMOCTD Kak JIMHelinyio: y=a-z+b, riae
z= In(b-x+c), b=d, a Taxxke 3agagm HavasbHbIe NPUGIMKeHNs 111 b 1 ¢.

b:=2 c:=1
-11.165

22.226

Metstst TpubJIMKeHUs apaMeTpoB b 1 ¢, MblI 110JryyaeM abCcoIIOTHO PasHble 3HAUEHSI DJIEMEHTOB BEK-
Topa R, KoTopbie sBasiioTes cooTBeTCTBEHHO Koadduuuentamu d 1 a B ypaBHenuu perpeccun. Kak xe
OIEHNTh, KaKoe MPUOJIVKEHNE ISt TAHHOI 3aBUCUMOCTH OKasKeTCsl ONTUMAIbHBIM? J1JIs1 5TOTO OTIpe-
nesmM K03 OUIEHT KOPPEJISIIINT BEKTOPOB Z U Y:

corr(In(b-x+ ¢),y) = 0.98733

OueBujHoO, CyUIECTBYIOT TaKKe 3HaUYeHUs b u ¢, 1pu KOTopbIX KoadduiuentT r, Makcumazien. YTobor
HAlTH X, IPeACTaBUM KOd(hMUIMEHT Koppessiiini Kak ¢yHkiio ot b (puc. 16.36):

R:=line(In(b-x + ¢),y) R=

b:=0..50
09875
cot(Ing bk o), v 0987 |- ]
09865 | |
i 20 40 &0

b

Puc. 16.36. 3aB1UCMOCTb BENNYMHBI KOO PULMEHTA KOPPENSALMN OT 3Ha4YeHUs napameTpa b

I'paduk HArIAIHO TEMOHCTPHUPYET, YTO PYHKITUS f(b)=rzy(b) nMeeT MakcuMyM. OTIpeiesiiM ero:
b:=2
f(b) :=corr(In(b-x + ¢),y)
Maximize(f,b) = 2.08

3uauurt, pu ¢=1 HauydmuM npubIsKeHeM it koadduimerta b (¢ yueToM OKpyTJIeHst) SIBJIsieT-
ca 2. Eciiu ke oMeHATh Npub/IvsKeHne TapaMeTpa ¢, ONTUMYM /Ut b TaksKe U3MEHUTCS, HO, 3aMEThTE,
KOA(DMUITMEHT KOPPEJAIUH TIPU ATOM OCTAHETCS MAKCUMAJbHBIM.

Ocrasoch 3amucarhb MOJyIeHHOe YPABHEHIE PErPECCHU B CTAHIAPTHOM BUJIE U BU3YATU3UPOBATH €TO
(puc. 16.37).

U
1o - =]
¥
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Puc. 16.37. KpuBas, onucbiBatoLLas SMnmMpruyeckyto 3aBUCUMOCTb Y-X
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TakuM 00pasoM, SKCIIEPUMEHTAIbHBIE JAHHBIE MOKHO OIKCATh JOTapu(pMUUECKON 3aBUCKMOCTHIO
Buja y(x)=22,226-In(2-x+1)—11,165.

OGparure BHUMaHe, MUHUMU3AIUS OMMOKN (hyHKIME line mpousBoANIach MeX/IY BEKTOPAMHU
In(bx+c) ny, a He X 1y, 4TO MOTJIO IPUBHECTH B KOHEYHBIN PE3YJIbTAT HE3HAYNTEBHYIO ITOTPEITHOCTb.
Oznako BEPOSTHOCTD TOI'O, YTO BB LIOJLyYUTE aHAJIOIUYHYIO 110 BeJIMYUHE IIOTPEIIHOCTD IIPU UCIIOJIb-
30BaHKy JIOOOTO IPYrOro BUAA PErPECCHH, HUYYTh HE MEHbIIIE.

[TpoananmsupyeM pacCMOTPEHHBII IprMep. MeHsist TPUOIIIIKEHNs TTApAMETPOB YPABHEHUST
perpeccun, Mbl PaKTIIECKH MOTydaeM HOBYIO 3aBUCHMOCTD, alllIPOKCUMHUPYIOINLYIO, OHAKO,
HMIINPUYECKUE TOYKH C TAKOH Ke TOUHOCTbI0. Bo3H1KaeT BOIpoc, Kakas e IMeHHO KpuBast
HAaWIy4iuM 00pPa3oM ONUCHIBAET OIbITHBIE faHHbie? C nogo0Hoit 11po6ieMOoii MOKHO CTOJIK-
HYTBCS He TOJIBKO ITPU HEIOCPEJCTBEHHOM aHAJIN3€ Pe3yJIbTaTOB AKCIIEPUMEHTA, HO 1 IIPU
pelIeHnn 33/1au — PACcXoK/eHNe C OTBETOM B ITOCTIE/IHEM cJydae (2 BePOSITHOCTb BOSHUKHO-
BEHM TAaKOW CUTYAINX JI0BOJIBHO BBICOKA) MOKET BBI3BATh Psi/l COMHEHUI B TPABUIIBHOCTH
pesyJIbTaTa, ToJIydeHHoro ¢ moMornrbio Mathcad.

B neiicTBUTENIBHOCTH JKe HYKHO IIOMHHUTD, BO-IIEPBBIX, O TOM, YTO aHAJIN3UPyeMble HAaMU
carydaiiHbie BEJIMYMHBI HAXOAATCST MEXKIY cOOO0M He B ¢TPOro (hyHKIIMOHANBHOM, a B TaK Ha-
3bIBAEMOIl CTOXACTUYECKOI 3aBUCUMOCTH: M3MeHeHe BeJIMYMHbl X BiedeT 3a co00il name-
HEeHMe paclpe/iesleHnst BeJIMYUHB! Y, KOTOPast To/[Bep:KeHa BIIMSHUIO BCEBO3MOKHBIX CITy-
JalHBIX (DakTOPOB. JpyrnMu cioBaMu, KaKIOMY 3HAUYEHNIO X MBI HE MOKEM MTOCTaBUTD
B COOTBETCTBHE OJIHO U TOJIbKO OJIHO 3HauYeHHue Y: olpejiessieMasl HaMi CTOXacTUdecKast 3a-
BHCHMOCTD SIBJISIETCST KOPPEJISIITOMHON — KaXk/I0My 3HaueHuio X COOTBETCTBYET He abeo-
JIIOTHOE, @ HEKOTOPOeE cpejiHee 3HaueHue Y.

Bo-BTOpBIX, MpeicTaBIeHHBIE B YUeOHUKAX IKCIEPHUMEHTATbHBIE JaHHbIE, KaK MPABHUIIO,
TPYTITUPYIOTCS B BU/IE KOPPESIIMOHHBIX Tabmutt. OTpeesisist o HUM Ko3(hhUITNEHTHI ypaB-
HeHus perpeccuu Ha Gymare, y00HO COCTABJISITh ClIELUAIbHBIE PACYETHbIE TabJIUIIbL, COLEP-
JKale yCpeaHeHns pu3Haka Y 71T KaKI0M U3 BapuanT X B OTAEJbHOCTH, a He JIJIT BCel
BBIGOPKU B 1esi0M. TaKoii moxo/l BHOCUT B KOHEYHBIH Pe3yJibraT HeKOTOpyIo omubKy. Tak-
JKe TIOTPENIHOCTh MOKET BO3HUKHYTH IIPU HEMocpeAcTBeHHOM nmoncke B Mathcad xoaddu-
IIIEHTOB U3 CHCTEMBl YPABHEHUH, K PENICHUIO KOTOPOI CBOIUTCS CYIIHOCTh METO/[a HaH-
MEHBINNX KBaipaToB. /le1o B ToM, 4TO Kiaccmyeckuii Metos ['aycca, ¢ ToMoIbio KOTOPOTO
B 3a/IAUHMKAX IPeJJIaraeTcd HalTH HeM3BeCTHbIE MapaMeTphbl, KpaliHe HepallmoHaIbHO HC-
nosib3oBath B Mathcad 6e3 npusiiedenust nporpaMMHubIxX cpecTs. [loaromy gaxe eciu Bbi
TIONbITAETECH PEHIUTDh TaKyl0 CUCTEMY, BbIITOJIHUB BPYYHYIO BCE IIPpeABaApUTEJIbHbIE Ollepa-
UM, TO KO3(hDUIMEHTBI, HaliJIEHHbIE OJIHUM 13 YHCJIeHHBIX MeTo0oB Mathcad, moryT otu-
YaThCsl OT MIPUBOIUMBIX B OTBETE.

B-Tpernux, He ciemyer 3a0bIBaTh O TOM, 4TO Yepe3 KOHEYHOE KOJIMIECTBO IKCIIEPHMEHTAIb-
HBIX TOYEK BCETZIA MOKHO MPOBECTH GECKOHEUHOE MHOKECTBO KPUBBIX, KayK/[asl 113 KOTOPBIX
Gy/IeT OMUCHIBATH OIBITHBIE JIAHHBIE C YAOBIETBOPUTENBHON TOYHOCTHIO. [oaTOMY J1100YIO
U3 3aBUCUMOCTEIA, TI0JIyYeHHBIX KaK TIPU MojicyeTe Ha Oymare, Tak U [PU UCIOJIb30BAHUM
dyukimu line, Heb3s1 MHTEPIIPETUPOBATH COAEPIKATENBHO: KaXkK/Iash U3 HUX OyIeT SIBJISITHCS
JIMIIIB TTPUOJIMKEHHOM, @ He MCTHHHO TEOPETUYECKOI, TOCKOJIBKY 3a Ipe/ieJIaMi HHTePBaJIa
HabJTIO/IeHNsT OHA MOYKET BeCTH cebst BEChMa HeaeKBATHO.

Wrak, B caydae, ecau abCOMOTHOE COBIIAJEHNE Pe3yabTaTa ¢ OTBETOM SIBJSIETCS ISl BAC
MPUHIUITHAIBHBIM, BaM TIPUIETCS BHITIOJNHSATh BCIO PEKOMEHIYEMYIO aBTOPaMU yueOHM-
KOB TIOCJIEIOBATEILHOCTD JIEHCTBII BPYYHYT0, 6E3YCIOBHO, IOTPATUB HA 3TO HEMAJIOE KOJIH-
4ecTBO BpeMeHuU. Ec/iu jke Bbl XOTUTE OTIPeeTUTh B/ 3aBUCIMOCTH MEXK/y 9KCIIepUMEH-
TaJbHBIMU TOYKAMU ¢ MAKCUMAIBbHOM TOYHOCTHIO 1 MUHUMAJIbHBIMI BPEMEHHBIMU 3aTPaTaMU,
To B 3ToM Mathcad okasker Bam HeoneHUMY0 OMOIIb. [IpakTuyecKu BO BCex CJydasx
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1pu TIorcke Koa(hOUIMEHTOB ypaBHEHUST KPUBOJIMHENHON PErPecCHy alilTOPUTM, TIPUBE/IEH-
HbIit B mpuMepe 16.10, okasbiBaercst aHeKTUBHBIM.

16.5. CrnaxxuBaHue gaHHbIX

OueHb BaXHOI 3a71aueil B PAJMOTEXHIKE W 9JIEKTPOHUKE SBJIACTCS YCTPAHCHHUE IITyMOB —
BBICOKOYACTOTHBIX CJYYANHBIX COCTABJSIONMX B CUTHAJE. AJITOPUTMBI, TIO3BOJISTIONINE Pe-
[IUTD 9Ty 3aja4y, Ha3bIBAIOTCS AJITOPUTMAMU CriiaskuBanust (smoothing).

Koneuno, MOKHO T10IPOOOBATH YAAIUTH CAYYARHYIO COCTABIISIONIYIO U3 CUTHAJIA U € TTIOMO-
IIBIO BBIYMCJIEHUS, HAIIPUMeEP, CHHYCOW/IATIbHON perpeccuul W, JIydlile, perpeccuu par-
MeHTaM# OJHOMOB. OIHAKO TAKOM MOXO/ He BCEraa MOKeT ObITh 9 (eKTUBHBIM MO TOI
MIPUYIHE, YTO BCE-TAKM PETPECCHSI — ITO OUEHD TPYOBIH BRIUNCIUTENLHBINT HHCTPYMEHT,
1 ee UCTIOIb30BaHHe MOXKET YHUYTOXUTD NHHOOPMATUBHYIO COCTABJISIONIYIO B CUTHAJIE, OCO-
GEHHO ecJii OH CJOKEH Miu ObIcTPOo uaMensiercst. HeMamoBaskHbiM (hakTOPOM SIBJISIETCS
U TO, YTO PACYET PErPECCUE — ITO JOCTATOUHO CIIOKHAST BBIYUCIUTEIbHAS 3a/la4a, 0COOEHHO
1pu 6OJIBIIOM 0GBEME DIMIMPUYECKHX JAHHDIX.

[To M3/10KEHHBIM BBITIe TPUYIHAM JIJIS CTJIQKUBAHUS CUTHAJIA HA MIPAKTHKE 0OBIYHO MPHU-
MEHSIIOTCS HE PErPECCUBHBIE METOZIBI, 4 00JIee MATKME W MTPOCTHIE aTOPUTMbI (DUIBTPAIIHN.
B Mathcad umerorcs Tpu BeTpoeHHbIe (PYHKIINH, TIO3BOJISIONIIE TIPOM3BECTH CrUIaKUBaHNE
HEKOTOPOil BBIOOPKHU JAHHBIX:

O medsmooth(y,n), Tie y — BeKTOp 3HAUEHWI CUTHAJA, N — MTapaMeTp, OTPeIeTIONIIi KO-
JIMYIECTBO OKOH CTVIAJKMBAHNSI, Ha KOTOPOe Oy/IeT pasouT MHTepBas mpu 06paboTKe TaHHDBIX
(0 MOXKeT ObITh TOJBKO HEYETHBIM LIEJAbIM YUCJAOM, CTPOTO MEHBIIMM, Y4eM KOJUYECTBO
DJIEMEHTOB B BBIOOPKE). Dta (DYHKIUSA Pealu3yeT HOILYJISPHbIA aJrOpuT™M «Oerymx»
Meuad (running medians), BecbMa mogpoGHOE onncaHne KOTOPOro Bbl MOKETe HalTH
B CIIPABOYHON cucTteme mporpaMmbl. O6s3aTesIbHBIM YCJIOBUEM TP €e TIPUMEHEHUH $1B-
JISIETCST TO, UTO HMIMPUYECKHE TOYKU [TOJIKHDI OBITh PABHOMEPHO PACIIPE/EIEHBI Ha TIPO-
MexyTKe. V13 Bcex BeTpoeHHBIX (hyHKIN crimakuBanust Mathcad medsmooth sBrstercst
HanboJIee HAMIEKHOMW, OJIHAKO M HAMMEHee YHUBEPCATbHOM (hyHKIHEI;

Q ksmooth(xy,b), Tie X ¥ y — BEKTOPHI JaHHBIX, b — MUpUHA OKHA CriakKuBaHus (9TOT Ia-
paMeTp 10 BeJMYUHE JIOJKEH PABHSTHCST 001IIell BeYrHe HECKOJIBKIX [TPOMEKYTKOB,
PaszesSTONINX B IAHHO# BRIOOPKE coceiine TOYKK). JlanHas BcTpoeHHast (hyHKIUs pea-
JIU3YeT CriaXKuBaHue Ha ocHOoBaHMM anropuTMa [aycca (ero ormcanue Bbl MOXKeETe 1TPO-
YnTaTh B COOTBETCTBYIOMIEH CTaThe cripaBouHoi cuctembl Mathcad). JIyumie Beero dhyHk-
st ksmooth mmoxxoauT /ISt yeTpaHeHust NIyMOB B CTallMOHAPHOM CHUTHAJE;

Q supsmooth(xy), rae X u y — BEeKTOPbI JaHHBIX. OCYIIECTBIISIET CTIAKUBAHIE C TIOMOIIIBIO
aJIaITUBHOTO aJITOPUTMA (B OCHOBE KOTOPOTO JIEKUT METO/l HAMMEHBINX KBaIPATOB),
OCHOBAHHOTO Ha aHAJM3€ B3aMMHOTO PACIIOJIOKEHUST PACCMATPHBAEMON TOYKH U OJH-
JKAWTIMX K Hell (MX KOJIMYECTBO 3aBUCHT OT 0COOEHHOCTEl MoBeIeH st rpadrKa 3aBUCH-
MocTn). JlarHas (hyHKIMS JIydiiie BCETO MOAXOAUT JJISI CTIaKUBAHMS CJIOKHBIX HECTa-
[IUOHAPHBIX CUTHAJIOB.

Bce onmcannbie BbIle GyHKIIMN BO3BPAIIAOT B KAUYECTBE OTBETA BEKTOP M3 TAKOTO Ke KO-
JINYECTBA 2JIEMEHTOB, KaK B MCXOHbBIX BBIOOPKaX. I10aTOMY eciiu aMImmMpryecKux ToueK ObLIo
06paboTaHO HEMHOTO, TO TPH TIOCTPOEHUN TpaduKa, I MOJyIeHrs] KOPPEKTHON KPUBOII,
CTOUT MCHOJIB30BaTh BO3MOKHOCTH crutaitH-uHTepnossunn Mathcad (ecam ke craaxusa-
JIaCh 3aBUCUMOCTD, 0OpasoBanHast 6osee yem 50—100 Toukamu, TO 9TOrO, CKOpee BCero, je-
JIaTh He moTpebyercs).
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[TorrpoGyem oreHUTh adhheKTUBHOCTD (yHKIMIT criuaxnsanust Mathcad. st aToro, ucrnosns-
3ysI TeHEpaTOp HOPMAJIBHO PACTIPE/ICJICHHBIX CAYIANHBIX YHCeN, IMUTHPYEM CUTHAJ CO 3Ha-
YUTETHHBIM ypoBHEM IryMa. CTpos KpUBbIE YCPeTHEHNS TTPH PA3HbBIX BEJMYNHAX OKHA CTJa-
JKUBAHTISA, OTIPE/IETM CTETIeHb BJNSHUS 9TOTO MapaMeTpa Ha KadeCTBO pe3ysIbTaTa.

[TomuMoO criaaskuBaHUs ¢ TOMOIIIBIO COOTBETCTBYIONIUX BCTPOEHHBIX (DYHKIINI, MBI ITPOJIe-
MOHCTPHUPYEM, KaK 9Ty paboTy MOKHO BBITIOJHKUTb U C TIOMOIIBIO aJITOPUTMOB PErPECCUU
(Ha mpuMepe perpeccuu parMeHTaMy TIOJTMHOMOB).

Mpumep 16.11. OyHkuMKN crnaxmeanus (puc. 16.38-16.42)
N := 500 Err:=morm(N,0, 1)

1:=0.N-1 X, 1= 5-m Ni— | A ::sin(xl)+ cos (xl)+ Errl(sm(xl)+ cos (xl))

f(t) :=sin(t) + cos(t)

Puc. 16.38. VcxogHbin curHan

s1 := medsmooth(y, 11) s2 := medsmooth (y,55) $3 :=medsmooth (y, 101)

5

X X X

Puc. 16.39. CrnaxuBaHue no metoay «berywmx» meagmaH

k1l :=ksmooth(x,y,2) k2:=ksmooth(x,y,0.1) k3 :=ksmooth(x,y,0.5)

Puc. 16.40. CrnaxvBaHue Ha OCHOBe anroputmMa laycca
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S := supsmooth (x,y)

Puc. 16.41. CrnaxmnBaHue ¢ NOMOLLbIO afanTUBHOMO anroputma

P :=loess(x,y,0.3) I(t) := interp(P, X,y,t)

Puc. 16.42. CrnaxmnBaHue ¢ NOMOLLbIO Perpeccmm oTpeskamMmm noJIMHOMOB

W3 npuBesieHHOTO TTPIIMEPa MOXKHO 3aKJIIOUUTD, YTO IPUHIIUITHATIBHBIM YCJIOBUEM yCIIeXa
MIPY CTJIAKUBAHWN CUTHAJIA MOKET OBITH TIPABUJIBHBIN BHIOOP asropuTMa (Tak, HampruMep,
B CJlyyae Halllell 3aBUCUMOCTU MeTOJl «Oeryimx» MeAnal oKasajics He Ha Bbicote). Kpome
TOTO, BeCbMa TIIATEIBHO HYKHO OTHOCUTLCS 1 K 3a/[aHUIO BEJTMYNHBI OKHA CTJIA’KUBAHUA.

PeanbHo anropuTMOoB, O3BOJISIONINX PEIIATh BCEBO3MOKHBIE 3/1a4U CTJIAKUBAHUS U (DUITh-
TPAINH, CYIECTBYET ropasao 6oJblie, 4eM BCTPOeHO B crctemy Mathcad B Buze hyHKIHIA.
W 060 13 HUX U HEOOXOAMMOCTH MOKET OBITh BEChbMa IIPOCTO Peaii30BaH BaMu OJraro-
JIapsT BBICOKOMY BBIUUCTUTENBHOMY TOTEHITNATY CUCTeMBI. Tak, MpuBesieM MPUMep Cco3/a-
HUS BeCchbMa TPOCTOTO 1 d(PHEKTUBHOTO METO/A CTIAKUBAHUS, U3BECTHOTO KaK CKOJIb3SIIIee
ycpenaenne. Vdyuas ero, Bbl OIIEHUTE, HACKOJIBKO TIPOTIE B BBIYUCTUTENbHOM TITTAHE AJITO-
PUTMBI CTJIAKUBAHUS TI0 CDABHEHUIO C TOM JKe perpeccuei.

Mpumep 16.12. Ckonb3suiee ycpenHeHne (puc. 16.43)
N := 1000 Err:=morm(N,0,1)
i=0.N-1
X, = 5-m- Ni— 0 A ::sin(xi)+ cos[3~(x)i] + Erri- sin[3~(x)J + cos (3)&1)]
f(t) :=sin(t) + cos(3t)
w2:=150 wl:= 30
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Puc. 16.43. CrnaxuBaHue CKOJNb3ALLMM YCPEAHEHNEM

OO6paTuTte BHUMaHHUE, YTO KPUBAST CIIIAKUBAHUSI, TIOJYYEHHAS C TTOMOIIBIO CKOJIB3SIIIETO yC-
pernenus (puc. 16.43), HecKoJIbKO omepeskaeT NCXOAHYIO KpuByIo curtasa. [Ipu atom mo
dopme onu abcomoTHO MAeHTUYHBL [TompobyiiTe 0ObSCHUTD MPUYMHY ITOTO SIBICHIS,
U, MOYKET,BaM YIaCTCsI BHECTH B HAIIl aJITOPUTM MOJEPHUBAIIH, TIO3BOJISIIONIIE U30aBUTHCS
OT 3TOTO HEJI0CTaTKA.

16.6. UHTerpanbHblie Nnpeobpa3oBaHna

I/IHTeraHBHBIe HpeO6paBOBaHI/IH WUrpaioT BeCbMa 3HAYUTEJbHYIO POJIb B HpI/IK]IaZIHOI‘/JI Mare-
maruke. OcobenHo BaxHbI peoOpasoanne Dypbe u BeliBIeTHOE MPeobpazoBaHne, 3HAUN-
MOCTh KOTOPBIX JUISI 3JIEKTPOHKKH ¥ PaJMOTEXHUKN TPYAHO nepeonennTs. B Mathcad mvmerores
crenuabible (YHKIMH, Peausyollye YUCAeHHbIe aIrOPUTMbI /15l 9TUX peobpasoBaHHuil.
06 0co6GEHHOCTSX UX UCIIOIb30BAaHUs MBI 1 IIOTOBOPUM B 3TOM pasielie.

16.6.1. NpeoOpa3zoBaHue Pypbe

MaremaTryeckuii cMbics mpeobpazoBanust Dypbe cOCTOUT B TPECTaBIEHUH HEKOTOPOit
dyuxiym f(t) B Buge 6eCKOHEYHON CyMMBI TPUTOHOMETPUYECKUX (DYHKIMI (CrIeKTpa) BHIa
F(v)-sin(t-v), Te, B crydae peaJTbHBIX TPOIECCOB, t — 3TO BPeMs, V — JacTOTa COOTBETCTBY-
To1reit cocrapsistionieil curtasna f(t). Oyuxims F(v) Mosker ObITh ompe/iesieHa Kak:

0

F(v) = flt)-e "V dt
— 00
[TpuBenennas popmymTa IMeeT CKopee TeopeTIiecKoe, HesKeH TPaKTHIecKoe 3HaYeHne, Tak
KaK OHa MO3BOJISIET MTPOBONTH TIPe0Opa30BaHNe JTUITh Ha/l AaHATUTHYECKN 3aTaHHBIMI 3a-
Bucumoctsamu. [Ipu 06paboTKe ke CUrHAJIOB IIPUXOAUTCSE PAbOTATh ¢ BEKTOPAMU YUCJIOBbBIX
3HAUEHUil, ¥ K HUM JlaHHas (hOPMYJIa, €CTECTBEHHO, HerpuMeHuMa. OGBIYHO UCIOIb3YETC s
OJIHA M3 PA3HOBH/IHOCTEN YHCIIEHHOTO ajropuTMa GeicTporo ripeoGpasosanust Dypoe (BITD).
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ITOT METO]] BeChMa HECJIOXKEH B BBIYMCIUTENbHOM ILJIAHE, OJHAKO TI03BOJISIET MOJIYy4aTh
OYEHb TOUHBIE U KOPPEKTHBIE PE3YIAbTAThL. UTOOBI TIPOIEMOHCTPUPOBATH, UTO B UNCJIECHHOM
pacuete criektpa Dypbe HET HIUYEro TPYAHOTO, TIPUBEEM IPUMED 3a/[aHUsT COOTBETCTBYIO-

IIIETO aJTropuTMa.

Mpumep 16.13. Anroputm BMND (puc. 16.44)

N:=28 N =256
Err:=morm(N,0, 1) ii=0.N-1
1
vl =— v2:i=—
10

Yy, i= sin (27t-v1-i) + cos (2n-v2-i) + Erri-(sin (21'c~v1~i) + cos (2n-v2-i))

i27.kn

N | N-1 N
n:=0.— F ;=—.Z yi-e
2 n
VN =

. N ]
j=0..— V. i=—
2 J N

O6paTuTe BHUMaHNe, YTO TIOMYyIeHHDIH B TTprMepe 16.13 Dyphe-crekTp MMeeT 1Ba PE3KO
BBIZIeJITIONTUXC MakcuMyMa (puc. 16.44, cripaBa), TOTOKEHNST KOTOPBIX COOTBETCTBYIOT Ya-
CTOTaM JIBYX MEPUOAUYECKUX COCTABJAIONINX 3aJaHHOTO Hamu curHasa. J[ust mogo6Horo
po/ia pas/ieieHrst U UCIIOJIb3YETCsl Ha TIpakThKe Tpeobpasosarue Dypbe, Tak Kak 3TO TT03BO-
JISIET HE TOJIbKO PelaTh MpobJieMbl, CBsA3aHHbIE ¢ (PUAbTPAIME, HO U JasKe TIPOM3BOAUTD
Tpe/icKa3aHue TMOBeCHIS 3aBUCUMOCTH W CIIPABJISTHCS CO MHOTHMHY JIPYTUMU 3a/[a4aMU.
BoJsiee Hu3Kue MUKU B CIIEKTPE COOTBETCTBYIOT IIIyMOBOW COCTABJISIONIEN, 1 B TOM CJIy4Yae,

ec Gbl curHas ObLI 3a1aH G€3 MOrPEITHOCTH, UX OBl He OBLIO.

i 1 0 0o i3

-5+

Puc. 16.44. VicxogHblli curHan u ero dypbe-cnektp

Kerarn, noctponts rpaduk Qypbe-crieKTpa MOKHO TOJIBKO Ha OCHOBAHIH MOJLYJIEH ero 3Ha-
YeHH, TaK KaK OHU SABJISIOTCS KOMIIJIEKCHBIMU BeJIMYMHAMU.

Kax 6b1710 TpoIeMOHCTPUPOBAHO BbiIlIe, 3a1aTh anroputM BITM 8 Mathcad mosxHO ripeneb-
HO 1ipocTo. OHAKO ropa3/o Jierde U JIydllie UCTI0Tb30BATh BCTPOCHHbBIE (DYHKITMH MTPSIMOTO

u obpatHOro Mpeobpazosannst Dypbe:
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Q fft(y), Tme y — BeKTOp paBHOMEPHO PaCIpe/IeIEHHBIX 110 TIPOMEKYTKY U3MEPEHHBIX 3Ha-
YeHUI n3ydyaeMoro curHasia. Bosspaiaer Bektop mpsiMmoro nipeobpasosaniist Dypoe (ata
(byHKIMST peasn3yeT PUBEJAEHHYTO BbIllle Pa3HOBUAHOCTH anroputma BITD);

Q ifft(c), rme ¢ — BEKTOpP paBHOMEPHO pactpe/iesieHHbIX sHaueHnit Dypbe-crnekrpa. O6pat-
Hoe npeobGpasosarue Dypbe;

Q FFT(y) — ara dyukims peanusyet anroput™ BITD B Heckobko ApyToit HOpMUPOBKE, YeM fft:

2n-i-k'n
1 N-1 —N
F = e Z v e
k=0

Q IFFT(c) — obparnoe npeoGpasosanne Dyppe A1 CIEKTPa, MOJYYEHHOTO HA OCHOBAHUY
FFT.

Ecii BBI cobupaerech PON3BECTH aHAIN3 CHIHAJA C TIOMOIIBIO YHCIEHHOTO TPeobpasoBa-
Hust Dypbe, TO BbI I0JUKHBI 3HATD CJICYIOIICe.

O KosmuecTBO 2/1eMEHTOB B BEKTOPE 3HAYCHUI CUTHAJIA JOLKHO TOYHO PaBHATLCA 2"
(n — nesoe unciio, 6oJpiie b0 paBroe 2). Eciin JaHHBIX MeHbIIE, TO TIPOCTO HAPACTH-
Te COOTBETCTBYIONUIT BEKTOP 3a CUET HYJIEBBIX 3HAYCHNI — Ha KOPPEKTHOCTD PE3yJIbTa-
Ta 3TO HE OKAKET HUKAKOTO BJIMSTHIUSL.

QO B kauecTBe pesyJibrata IpsMoro rnpeobpasosanns Dypbe cucrema BbiaeT BEKTOp 3 2" '+1
ameMeHTa. ITO 0OCTOSATENBCTBO CJEAYET YINTHIBATD, €CJIH BBl COOMPAETECh TIPOBECTH 00-
paTHoe TIpeobpasoBaHKe MM MOCTPOUTH rpaduK CIEeKTpa.

QO Pesyabratom obpaTHoro npeobpasosanus Oypbe BekTopa criekrpa uz 2" '+1 anemeHToB
OyIeT SIBJIATHCS BEKTOP 13 2" CTPOK, 3HAYEHMUST 3JIEMEHTOB KOTOPOTO OyyT KpaiiHe 6Jn3-
KU K MCXO[HOMY CUTHAJTY (€C/IU OH, KOHEYHO, ObLI I0CTATOUHO MH(OPMATHUBEH ).

Q IIpuyrHON TOTO, YTO PE3YJABTATOM PAaGOTHI TIPUBEAEHHBIX (DYHKIUIT TTPSIMOTO TIpeobpa-
3oBanust Dypbe SIBJIIeTCS] BEKTOP, KOJIMYECTBO 3JIEMEHTOB KOTOPOTO B /IBA Pa3a MeHbIIe
HCXOTHOW BBIGOPKH, SIBJISIETCSI TO, UTO B CJIyYae AeHCTBUTENbHBIX TaHHBIX Dypbe-crekTp
CUMMETPUYEH. A 9TO 03HAYAET, YTO HET CMBICJIA OTOOPAXKATH BTOPYIO MOJOBUHY CIIEKTPA,
MOJTHOCTBIO yOJIMPYIOILYIO IEPBYIO.

[TpuBenem npuMep pacdera mpsimoro u obparaoro Mypbe-npeobpasoBaHmst s CUTHAIA
C 3a/IaHHBIM C TIOMOII[bIO TeHepaTopa CJIyJaitHBIX YHCeJI IITyMOM C UCIIOJIb30BAaHUEM COOTBET-
CTBYIOIIUX BCTPoeHHbIX (yukimii Mathcad.

Mpumep 16.14. BcTpoeHHble YHKLMN NPAMOro 1 o6paTHOro npeobpa3oBaHms
®dypbe (puc. 16.45, 16.46)

10 3
N:=2 N=1.024%10
i=0.N-1 Err:=morm(N,0, 1)
1 1 1
vl i =— V2 i=— v3:i=—
4 5 6

y; = sin(rv1-i) + cos (2mv2-1) + sin(2n-v3-1) + Ere.(sin(2r-v1-) + cos (2-v2-1)



F := fft(y)
N1 :=last(F) N1 =512
j:=0. NI V.:=i
J N
5__
m_ i 5 |FJ'|
_5__

i 3

Puc. 16.45. VicxoaHblii curHan u ero Mypbe-cnekTp

. —11
IF:=ifi(F)  length(IF) = 1.024x10° max(y — IF) = 1.138x10

Puc. 16.46. Pe3synbtaTt 06patHoro npeobpasosaHus Pypbe

OGpaTuTe BHUMaHKE, HACKOJIBKO TOUHBIMU SIBJISTOTCS YUCJIEHHBIE METO/IbI TIPe0OPasoBaHMsI
Dypbe: HanboIbIIIee OTKIOHEHHE, KOTOPOE MOSBUIOCHh B BekTope ifft(F) 1o cpaBHeHnIo ¢ Bek-
TOPOM MCXOHBIX JIAHHBIX, JTEKUT B 0Omactu 11-ro 3Haka 1mocsie 3anaToi. A 910 o4eHb U O4eHb
MaJio Iake /ISl PACYETOB Ha KOMIIbIOTEpE.

Ecim obpaGaThiBaemble TaHHbBIE SBASIOTCS KOMILIEKCHBIMU BEJUYUHAMU, UCIIOAb30BAThH
onucantble Boiie GyHKImn Heab3st. Oarako B Mathcad cymectByior Berpoentbie yHK-
[[1H, NO3BOJISAIONINE TIPOBOAUTD T1peobpasoBatue Dypbe n Hajl KOMIUIEKCHBIM CUTHAJIOM.
3anoMHUTb UX OYEHb JIETKO, TaK KaK BCE OHU IIOJYUAIOTCS € MOMOIIbIO 00aBeHns GYKBbI
«C» K UMEHaM COOTBETCTBYIOMNX (PYHKIMIA AEHCTBUTEIBHOTO TPE0OPasOBaAHUL:

Q cfft(y) — kommekcHoe mpeobpasoBanne Dyphe B CTaHAAPTHON HOPMUPOBKE;

Q CFFT(y) — BeKTOp MPSIMOTO KOMIIJIEKCHOTO TIpeobpasoBattist Dypbe ¢ APYrUM YCIOBHEM
HOPMUPOBKH (cM. Bbitie GyHknuio FFT(y));

Q icfft(c) — obpatHOEe KOoMIIEKCHOE TTpeobpazoBane Dypbe;
Q ICFFT(c) — obparnast dyukitust ayst CFFT(y).

Kax u B ciyuae pefictBuTebHOrO MpeobpasoBanmst Dyphe, BEKTOP JAHHBIX IS (DYHKITHIT
cfft(y) u CFFT(y) mosken comep:kathb cTporo 2" (n>2) aneMenToB. OZHAKO B CBS3U C TEM, UYTO
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npeobpaszosanne Mypbe 11 KOMILIEKCHBIX JAHHBIX He SBIAETCS CUMMETPUYHbIM, PE3y.Ib-

TaToOM paboThI YKa3aHHBIX (DYHKIMI GyzieT BeKTop, 06pasoBaHHbI 27, a He 2" '+1 ajiemMeHTaMH.

[Ipu vcnosb3oBaHuK (HYHKIMET KOMILUIEKCHOTO rpeobpasoBanust Dyphbe M0 OTHOIIEHHIO K JIei-
CTBUTENBHOI BHIGOPKE BEKTOP pe3yJibTata OyaeT 00pa3oBaH ABYMsI CUMMETPUYHBIMU TOJIO-
BUHAMU, OJIHA U3 KOTOPBIX ObLIa Gbl OTOPOIIEHA, UCTIONB3YH BbI (DYHKIMHU JCHCTBUTEIEHOTO
peobpasoBaHusL.

Ha camom e zeune, eciu pazobparbest, T peobpasoBatue Dypbe He cOBCEM KOPPEKTHO
JIeJIUTh HA KOMILJIEKCHOE 1 JielicTBuTesibHOe. Tak, B ocHoBe dynkunit ifft u icfft nexxnT onun
" TOT K€ aJITOPUTM BHCD, Pa3aNIHO TOJBKO KOJIMYECTBO MOJICUUTHIBAEMbIX 3JIEMEHTOB BEK-
TOpA CIEKTPA.

Yrob6b! Jryuiiie pazodpaThCst B PA3IMIUsIX POCTOTO M KOMILIEKCHOTO TIPeodpasoBaHusi, Hc-
MOJTb3YEM COOTBETCTBYIOIINE (DYHKITUI 1O OTHOIIEHNIO K JIEHCTBUTENHHON BBIGOPKE.

Mpumep 16.15. KomnnekcHoe npeobpasoBaHne Pypbe (puc. 16.47)
N:= 28 N =256
i=0.N-1 Err:=morm(N,0, 1)

1

vl i=— V2 :i=—
3
. . . . i i
Y; ::sm(2n~v1~1) + cos (2n-V2-1) + Err1 sm(Zn-E) + cos an

F :=cfft(y)

N1 :=last(F) N1 =255

i i i
Puc. 16.47. KomnnekcHoe npeobpasoBaHne Pypbe

15 15

max(y — icfft(F)) =2.22 x10 ~ + 4.815i x10

Kax moxuO0 BUeTh Ha puc. 16.47, mpu KommuiekcHOM TipeobpazoBannu Dypbe mpUMeHN-
TEJIbHO K I.[eﬁCTBHTeJH:HbIM JITAHHBIM /IBa 3HAYMMbBIX ITNKa 3€PKAJIbHO OTO6pa}KaIOTCH OTHO-
curensio ocu x=0.5. [Torymaiite, modeMy Tak IPOMCXOINT M KAKOBA ObLIa ObI KAPTHHA, €CIIH
6bI 1aHHbIe OBLUIN KOMILJIEKCHBIMU.

B Mathcad cymiectByeT Bo3SMOKHOCTD TTpoBe/ieH st TpeobpasoBanust Dypbe HE TOTBKO HAJT
BBIGOPKON B BUie BEKTOPaA, HO U HAJl MaTpuiiaMi. [IpaB/a, NCIoIb30BaTh JJIsT 3TOTO MOXKHO
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TOJIBKO Gosiee obIue HyHKIMKU KOMIUTEKCHOTO Tipeobpasosanust (cfft, CFFT, icfft, ICFFT).
DyHKIMK ACHCTBUTEIBHOTO MTPEOOPA30BaHUsT MOTYT PaboTaTh TOJBKO ¢ BEKTOPAMHL.

16.6.2. BeliBneTHoOe npeobOpas3oBaHue

BypHoe pa3BuTue 27eKTPOHUKY U PAIMOTEXHUKHI BO BTOPOI 1oJioBIHE XX BeKa 3aCTaBUIIO
MaTEeMATUKOB UCKATh G0JIee TIPOCTBIE 1 HAJIEKHBIE CPECTBA JIJIsI PA3IMYHOr0 poaa o6paboT-
KU CUTHAJIOB, YEeM [IABAJIO MCIIOJIb30BaHUE YUCIeHHOTO peobpasoBanus Dypbe. Pasiuumbix
AHAJIOrOB €My ObLIO MPEIJIOKEHO 04eHb MHOTO, OHAKO HauboJiee IUPOKOE PACIIPOCTPAHE-
HUe TOJYYHIN TaK HasblBaeMble BeHBJIETHDBIE (MCKPETHBIE BOJHOBBIE) MPe00PasOBaAHUS.
[Tpu 06paboTKe HECTATMOHAPHBIX CUTHAIOB U TIPY BHICOKOM YPOBHE MIYMOB TaKue mpeodpa-
30BaHUs TOKasan cebst HaMHOTO Gostee ahheKTHBHBIMIE, YeM TTpeoGpaszoBanme Dypoe.

B 0CHOBY IMCKPETHBIX BOTHOBBIX MTPEOOPA30BAHUIT TIOJOKEHBI CIIEMaTbHbIe GyHKINH (Ha-
3bIBaeMbIe BEHBIETOOOPA3YIOIINMI ), TJIABHBIM TOCTOMHCTBOM KOTOPBIX SIBJISIETCS TO, UTO
OHU OTPaHUYEHBI B HEKOTOPO#T y3KOH 06J1acT MHTEPBAJIa, BHE KOTOPOTO GECKOHEUHO TIPH-
6mkaroTes K Hyio. CHHYCOUIBI JKe, MCTIob3yeMble B peobpaszoBannu Dypbe, OCIUIILIN-
PYIOT Ha BCEM TIPOMEKYTKE, UTO YXYAIIAeT KA9ecTBO 06paboTKI CUrHAIA.

B Mathcad cymecrByior nBe dbyHKINM, pealu3yIoliie YUCAEHHBII PACYET OJHOTO U3 BUIOB
BeiiBJieTHOro 1mpeobpaszoBanus Ha ocHoBe (uibTpa Jaybeun:

Q wave(y), rae y — BeKTop 3HaueHuii curHana. [Ipsimoe BeiiBieT-npeobpasoBatue;

Q iwave(c), rie ¢ — BEKTOP 3HAYEHUIA COOTBETCTBYIOMIETO criekTpa. O6paTHOe BelBIeTHOE
npeoGpasoBaHue.

KosinyectBo 271eMeHTOB BEeKTOpa 3HAYEHUI y B CJIydyae BEIBJIETHOIO npeodpa3oBaHusi, aHa-
JorudHo npeobpaszosanuio Dypbe, TOIKHO 00s13aTeIbHO PaBHATHCA 2" (e N — 1eJioe Ho-
JIOKUTEILHOE YKCIIo Ooibiiie 2).

BBuy crienududHocT paceMaTprBaeMoil 1pobJieMbl 1oApo6HO 0 Hell Mbl TOBOPUTD He Oy-
JIeM U JIVLIb TIPUBE/IEM [IPUMEpP PacyeTa IpssMOoro 1 0OpaTHOro BEUBIETHOrO mpeobpasoBa-
uust. VcuepriprBaioniyie CBeIEHNST O TPUMEHEHUN 9TOTO WHTETPATHLHOTO TIPe0OPa3OBAHST BBI
MOJKETe TOJYIUTh B JIOO0M COBPEMEHHOM CITPABOYHHKE IO CIIEKTPATHHOMY aHATU3Y.

Mpumep 16.16. BelBnetHoe npeobpasoBaHue (puc. 16.48, 16.49)

= 1024 V2 = L vl = L
15 12
i=0.N-1 y,i= sin 27-v1-1) + sin(2n-v2-1)
W = wave(y)

In(N

Nlewels := n(N) - Nlewels =
In(2)

coeffs (n) —submatnx(W 2n n+l 1,0 0)
k:= 1.. Nlevels Ci k::coeffs(k) ;
’ floo
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Puc. 16.48. VicxogHble faHHbIe U UX BENBNET-CrnekTp
. Nlevels
ji=2 ~N-1 W.:=0

Iw :=iwave(W)

0 50 100
i

Puc. 16.49. Peaynbtat 06paTHOro BenMBIeTHOro npeobpa3oBaHns
Kcraru, mpuBeieHHbBIH TpUMep AEMOHCTPUPYET OHO 0YeHb WHTePecHOe MPUJIOKEHNE Beii-
BJIETHOTO TIpeoOpa3oBaHiist — cykaThe JanHbix. Kak BbI Moskete BuzeThb (M. puc. 16.48, 16.49),

HCKJII0UEHNE OHOHU COCTaBJIAIONIEH CKAa3bIBAeTCsl Ha BU/IE BOCCTAHOBJICHHOTO CUTHAJIA BECh-
Ma He3HAYUTEIBHO (XOTS OIpesieieHHasI IOTeps B IVIAZIKOCTH BCE JKe 3aMETHA).

16.7. UMNOpPT BHELUWHUX AAHHbIX

Heub3ast ve cormacutbest, uro Mathcad mpegocraBiisier 3amedaresibHble BOSMOKHOCTH B 006-
JlacTu 06pabOTKU JaHHBIX. MHOKECTBO BCTPOEHHDIX CTATHCTHYECKUX (DYHKIINE, QyHKITIHI
MHTEPIOJISAIMI U PErPECCHH, PasHooOpasne rpaKoOB 1 IIOBEPXHOCTEN O3BOJISIIOT HAIYY-
muM 00pa3oM HPEACTABUTD MOJIyYeHHbIE BAMU Pe3yJibTaThl usmepenuii. Camas TpyHast 3a-
Jlaya TIpu HTOM — IIEPEBOJL JaHHBIX B AocTynHbii A Mathcad sun. Koneuno, ecoiu uamepe-
HUI 6]31.710 IIPOBE/IEHO HEMHOTO, TO COOTBETCTBYIOIINUE MATPUIbl 1 BEKTOPbI MOKHO CO3/1aThb
U HEIOCPECTBEHHO, 3aII0JHUB UX BPpy4Hy0. OHAKO €cJiu JaHHBIX MHOTO, TO TaKOil c11ocob
MOKET ObITh Hed(PHEKTUBEH.

3HaunTEIbHO 06JIErYnTh 3a1ady 00pabOTKH AaHHBIX MOKeT To, uTo Mathcad criocoben cun-
ThIBaTh HH(MOPMAIIMIO U3 TEKCTOBBIX (paiinos. Boobie, TekcToBbie (hopMaThl OUeHb PaCcIIpo-
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CTPaHEHBI U TAKOTO poja (ailyibl CO3AI0TCsT KAk IpK paboTe MOAENUPYIONIUX AJITOPUTMOB
Ha C mimmn Doprpane, Tak ¥ NPOrpaMMaMy, YIIPABJSIONINMU BCEBO3MOKHBIMU M3MEPUTEIIb-
ubiMu ipubopamu. Kpome Toro, TeKCTOBBIN (hailsl BbI MOJKETe CO3/aTh, PACIIO3HAB C TTOMO-
IO CHelUaNbHON nporpamMmbl (Harpumep, FineReader) orckanupoBaHHbINA JOKYMEHT.

[Tomumo TekcToBbIX (aiiios, Mathcad ymeer otmuHo B3auMoneHcTBOBATh ¢ TAKUMHE TTPO-
rpammamu, kak Excel, Matlab u Hekotopbivu apyrumu. Taxske 8 Mathcad umerorcst Boamosk-
HOCTH TIO CYNTHIBAHUIO TAHHBIX B GUTOBOM (hopMmarte, paboTe ¢ M300paKeHUSAMI 1 3BYKaMH.

B pamMKaX 9TOH KHUTH MbI IIO3HAKOMUMCSI C T€M, KAaK MOKHO CUMTBIBATD JAHHbIE U3 TEKCTO-
Bbix (haiinos u gokymentoB Excel. Ocrasibhbie ciocoObl UMIIOPTA AAHHBIX, BBUIY ClIELU-
dbuunocry, Ml pazbupars He Oyzsem. [Ipu HEOOXOAUMOCTU JOCTATOUHYIO UH(MOPMAIIUIO BbL
CMOJKETE MOJIYIUTh B CIIPABOYHOI CUCTEME MPOTPAMMBIL.

16.7.1. DyHKUMN paboTbl C TEKCTOBbIMU paiinamu

Mathcad criocoGen unTaTh Kak CTpyKTYpPUPOBaHHBIE, TaK ¥ HECTPYKTYPUPOBAHHbBIE TEKCTO-
Bbie (aiizibl. [Tpu 5TOM B IEPBOM CJIydae pe3yJibTaToM Oy/eT CTaHAAPTHBIH IJIs TPOrPaMMBbI
BEKTOP, BO BTOPOM — COOTBETCTBYIOIIAs MaTPHIIA.

C momorpio Mathcad MokHO He TONBKO TPOYNTATH, HO U 3aMTHCATh TEKCTOBBII (haitn. Kcra-
TH, IPAKTHYIECKN JII0OAsT MIMPOKO MCIOJIb3yeMast IPOrPaMMa MOJKET KaK 9KCIIOPTHPOBATS,
TaK U UMIIOPTUPOBAThb TEKCTOBbLIE (bafmm. YunrsiBag 9TO, OIIMCblIBaeMasd BO3MOKHOCTD
Mathcad mosker okazaTbest BecbMa M BeChbMa MOJIE3HOIL.

Hanbosiee pOCTHIM /TSI BOCTIPUSITHS CHCTEMOIT OPMATOM TEKCTOBOTO (ailra sBJIsIeTCsT
HECTPYKTYPHUPOBAHHDIH TEKCTOBBIN OKYMEHT. TepMUH «HEeCTPYKTYPHUPOBAHHDII» O3HaYa-
€T, YTO B IPUBE/ICHHOM JIOKyMEHTEe BayKHA JIMIIH TTOCIE/I0BATEIbHOCTD YUCIOBBIX 3HAYCHNT,
a He UX IPUHAJIEKHOCTD K TOMY UJIM HHOMY CTOJIONY i crpoke. Takue TekcToBble hailiibl
reHepUPYIOTCs, HAllpUMep, YIPABJAOIIUMI Pa3INUYHbBIMUA U3MEPUTEILHBIMU YCTaHOBKAMU
IporpaMMaMy, KOTOPbIE 3aliChIBAIOT JaHHbIe B CTPOKY MOCJIE0BATEJbHO APYT 32 APYTOM.
Korma muMHUT ITIHBI CTPOKY OKa3bIBA€TCS TIPEBBIIIEH, TEKCTOBBIN PEAKTOP aBTOMATHIeC-
KU OCYIIECTBJISET MepeBo/l Ha ciaexyfonryio. OTKPBIB HECTPYKTYPUPOBAHHBIN TEKCTOBBII
(baitr, BbI yBUNTE ITPOCTYIO MOCTIEI0BATEIBHOCTD Ynces. boee CI0KHBIM CIydaeM SBJSETCS
YTeHUe CTPYKTYPUPOBAHHOTO TEKCTOBOTO (paiiia, Tak Kak IIPU 9TOM IPUXOANTCS YUUTBIBATD
[PUHAJIEKHOCTh 3HAYEHUS K OTIPE/IeJIEHHBIM CTPOKe min cTob1ry. CTpyKTyprpOBaHHbIe
TeKCTOBbIe (hallyIbl BCTPEYAIOTCS Ha MPAKTHKE ropasjio yallle, YeM HeCTPYKTYPHPOBAaHHBIE,
MO3TOMY OCOOEHHOCTH WCTIOH30BAHISI COOTBETCTBYIONINX CIIEIMATLHBIX (DYHKITHI MBI OITH-
1IIeM UCKJTIOYUTETHbHO Ha TPIMepax.

Yro6bl TIPOYUTATh JAHHBIE U3 TEKCTOBOTO OKYMEHTA, UCIIOJIb3YHTe ClrielaabHble BCTPOEH-
uble pynkiuu READPRN("file") u READFILE("file", "type"), rue file — aT0 MMs1 TekcTOBOTO
aiina (ecam OH cOXpaHeH B TOM ke Katasiore, uto u Mathcad) winm myTh K paiiny (ecau oH
pacroyio;keH, HanpumMep, Ha Paboyem ctone), type — THIT TaHHBIX (€CTU B KaKIOM CTOJIOIE
COJIEPIKATCS YUCJIA C OIMHAKOBBIM KOJIMYECTBOM 3HAKOB I10CJIE 3aIISITOM, TlapameTp type ciie-
ayer 3aaaTh Kak fixed (pukcumpoBanHas mupuHa CTOIOIORB), B IPOTUBHOM CJIydae — Kak
delimited (ipu aTOM CTOJIOIBI JAHHBIX B (haiisie JOJKHBI OBITH OTHEICHBI IPYT OT APYTa TOJIb-
KO OJITHAKOBBIMU PasfIeIUTEISIMU, HalIPUMeEp TIPobeioM min 3Hakamu Tabysiiun)). C 1mo-
MOTITHIO 3TUX PYHKIMIT MOSKHO MMITOPTUPOBATh JaHHBIC HE TOJBKO U3 (ailloB ¢ pacuiupe-
nueM PRN, HO 1 u3 (aiinos mo0bIxX Apyrux GopMaToB, HCHOIb3yomuX koauposky ASCII:
DAT, TXT u mp.

Yro6er B Mathcad 6b110 BO3SMOKHBIM KMITOPTUPOBAHUE JAHHBIX 13 TEKCTOBOTO (aifia, HyxK-
HO YYHMTBIBATD CJIEAYIONIUE IPABIIA.
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a

Yucsa B TeKCTOBOM (hailyie 0JKHBI ObITh paszesieHbl Tubo npobeaamu (OHUM WU He-
CKOJIBKMMHK), JINGO 3aATbiMK (HO HU B KOEM CJIydae He TOUKaMu), TMO0 CUMBOJIAMU Ta-
Oy AT

[l oTesienns mestoi 4acTy Ymcia OT AeCSTUYHON cJleflyeT NCIOIb30BaTh TOUKY, a He
sarsityio. Ocoboe BHEMaHMEe Ha 9TOT (DAKT CTOUT 0OPATUTD, €CJI BbI cOOUpPAeTeCh UC-
[0JIb30BaTh JIAHHbIE, [OJIyYeHHble B pycuduimpoBannoil Bepcun Excel, Tak kax B unc-
JIaX OHa UCTOJIB3YeT MpUHsTHI B cTpanax Obisinero CCCP dopmar ¢ 3amsaToil.

Opunakoso acddexrnBro Mathcad MoxeT cYuTBHIBATH KaK IeJIble, TAK U JT€CSITUYHBIE
ypcsa. OJIHAKO cJie/lyeT HOMHHTb, YTO KOJIMYECTBO 3HAKOB B HUX HE JIOJIKHO ITpeBbiath 17.
Yuicra co CTEMeHbI0 TOKHBI OBITH MPEICTABIEHBI B MHKEHEPHOM (hopMmare (Hampumep,
uncay 1.234-107° B Hem coorBetcTByeT 3ammch 1.234E-6). UtoOs! 3anmcaTh B TEKCTOBbII
(hafim KOMIITEKCHBIE UNCITA, X AEHCTBUTENbHbIE U MHIMBIE YACTH TOJKHBT OBITH 3a/IaHbl
110 oT/esbHOCTH. CHOPMUPOBATD Ke 3aTeM M0 TTOJYIeHHBIM TIPH TPOYTEHUN TEKCTOBOTO
(aiina BeKTOpaM COOTBETCTBYIONTUI BEKTOP KOMILIEKCHBIX YUCEJ MOXKHO JOBOJIBHO MTPO-
CTO, OPTAHM30BAB [IUKJI C IIOMOIIBIO OIIEpPAaTOPa PAHKUPOBAHHOI NTepeMEeHHOI.

Ecir BBI cobmpaerech MpOYUTaTh CTPYKTYPHUPOBAHHBIN TEKCTOBBIH (hailsl ¢ TTOMOTIHIO
¢y READPRN, TO yuTHTe, 4TO KOJUYECTBO JIEMEHTOB BO BCEX CTPOKAX OJIKHO
OBITH OIMHAKOBBIM. B TIPOTUBHOM cJydae cucTeMa BhIacT coobtienme 06 ommbke: Can't
understand data file (HeBo3mo:xHO pactio3nars gannbie B daiie). [Ipu urernu e daiina
¢ omotibio ¢hyuakmu READFILE Ha MecTe HeZIOCTAIONIETO B CTPOKE dIEMEHTA MOSBUTCS
koHcranTa NaN (puc. 16.50).

ITycreie crpoku u cronbiisl, copepskariue ASCII-TeKcT, TIpy CYNTBIBAHIN UTHOPUPYIOTCS.

[Tporpamma Mathcad mozker He TOJIBKO HMIIOPTHPOBATD, HO 1 CO3/[aBaTh Ha OCHOBAHWMHU MaT-
putt crpykrypupoBanusie PRN-daitinr. /{14 aT0TO B cHicTeMy BCTpOeHa cHelraabHast HyHK-
st WRITEPRN («filew), rre file — mmMst cosmaBaemoro daiima. HTEpecHO# 0CO6EHHOCTHIO
3TOM (DYHKIIMK SIBJISIETCS TO, UTO HE OHA TIpUCBanBaeTcs (Kak ObLIO B CyYae BCEX U3YUEH-
HBIX HAMU paHee QyHKIUIT), a, HA060POT, eii NPUCBAUBAETCS 3HAYEHUE HEKOTOPOI MaTpu-
el Harmpumep, 3ammcs WRITEPRN(«C:\Samples\M.prn»):=M o3HauaeT, 4TO COOTBETCTBYIOIIUIT
marpuie M ASCII-daiin M. prn Oyzer cosman B nanke Samples aucka C:.

rr:"Mathcad - [5.xmcd] M=l E3
ﬂ File Edit View Insert Formatk Toaols  Symbolics  Window  Help _|ﬁ||ﬂ
ID-ZEHSGRAY|éd2R|[w | (A D =] | -
JINnrmaI ﬂl.ﬂ.rial ﬂllﬂ j| B £ U |§ = | = =
[y 5ee Sl || [ = (2 <D w|[1x & r @
167 2 3 =]
‘READPRN(%) =it READFILE("Chrtat" "delimited" ) = | 4 5 &
[Can't understand data File. | 7 80
a2 167 23
READFILE("Cit.dat’ "fed") = |1 2 7 READPRN("Ciett') =| 4 5 6
4 8 MNal 7 %o
iI I % 3
Press F1 For help, AUTO I_W Page 1 7

Puc. 16.50. CunTtbiBaHME CTPYKTYPMPOBAHHOIO TeKCTOBOro daina
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Pa6oras ¢ dymukrmeit WRITEPRN, Hy)KHO yUHTBIBATD CIEAYIONTIE (haKThI.

Q Ecju BbI Tiporuiiere ToIbKo nMs daiia 6e3 mytu k Hemy, WRITEPRN coxpaHuT ero B Ka-
TaJore IPOrpaMMBblL.

Q WRITEPRN MoskeT cosmaBaTh (aiiibl He TOJBKO ¢ PaCHIMPEHNEM Pri, HO U B JIIOOOM Apy-
roM TekctoBoM (hopmate, HantpuMep DAT nm TXT. Pacmmpenne cosnaBaemoro atina
BBI 33/[a€T€, KOT/Ia TIPOTIMCHIBAETE €T0 MMsT B CKOOKAX paccMaTpruBaeMol (hyHKIUN.

Q Ecom daiin ¢ ykazanubim 17151 WRITEPRN rimeneM yike cylecTByeT, TO OH aBTOMATUYECKU
samensiercst 6e3 06brutoro it Windows mpeaypeskieHusi.

Q B sammcanrom ¢ momoribio WRITEPRN TexcToBOM (hatine 3HaueHmst OyayT pasmeeHbl
npobesiamMu. B kauecTBe mecsTHIHOTO 3HAKA GyZET MCII0Ib30BaHa TOUKA.

Q Ilo ymMOIYaHUIO KOJMUYECTBO 3HAKOB UMIOPTHPYeMbiXx n3 Mathcad unciieHHBIX TaHHBIX
orpaHuyeHo 4. XoTs 9T0 ¥ COOTBETCTBYET OOBIYHBIM TPABUIAM OTOOPAKEHHsT YUCEN B
Mathcad, B psine cayuaeB mogoOHBIN MOAXOI MOKET OBITH HeTpremaeM. Ecu Bam Hy:K-
HO 9KCIIOPTUPOBATH JaHHBIE ¢ GOJIee BHICOKOW TOYHOCTBIO, BbI MOKETE YBEJUUUTDh KO-
JIMYECTBO COXPaHsieMbIX 3HaKOB. UT00bI 3TO caesnarhb, obpaturech K BKJIajke Builds-In
Variables (Cucremubie niepemennbie) auajgorosoro okxa Worksheet Options (ITapameTpsi
nokymenTa) mento Tools (Muctpymentsi). 37ech, B okorike mapamerpa PRNPRECISION,
3ajaiite HeOOGXOAUMBIN ypoBeHb TouHOCTH. OUEBUIHO, UTO HaMOOJbINAs BEJTMINHA
PRNPRECISION mosmkna paBHAThCS 16.

O VYBenuuupasi TOYHOCTD IKCIIOPTUPYEMBIX JAHHBIX, BbI JIOJZKHBI YUUTHIBATH, YTO [0 YMOJI-
yaHuio mupruHa crosbia cosgaBaemoro WRITEPRN tekcroBoro daiia cooTBeTCTBYeET
BocbMU 3HaKaM. CrenoBartesbHo, ecaii PRNPRECISION mipeBbIiiaeT aTo 3HaUY€HUE, TO MIN-
PUHY CTOJIONA CJIEYeT YBEJIUYUTh (eCJIN 9TOTO He CEJIaTh, JAHHBIE HE COJBIOTCS, OJlHA-
KO 3HAYEHUS B COCEAHMX CTOJIONAX OYAyT PACIONIOKEHbI BIUIOTHYIO APYT K APYTY, UTO
3HAUNTENHHO CHUIKAET HATJSAAHOCTDH). Cresath 9TO MOKHO C TIOMOIIBIO TTapamMeTpa
PRNCOLWIDTH Bxkuramkm Build-In Variables (Cucremubie mepemennbie). Besnauna mmpu-
ubl crosibina B Mathcad ne siumutupyercst.

a CootsercrBytonue omnpezaenerus st PRNPRECISION u PRNCOLWIDTH moskHO cienaThb
1 HETOCPEeAICTBEHHO B mokyMeHTe (anansornmyro TOL m CTOL), uTo ropaszo mporie 1 Tex-
HUYHee, YeM HcIoJib3oBanne BKiaaku Build-In Variables (Cucremmbie iepemeHHbie) ama-
goroBoro okHa Worksheet Options (ITapameTpsl foKymMeHTa).

O Ecam B mcxonHo0i MaTpHUIle COMEPKANNCH 3JIEMEHTHI ¢ TIOPSIAKOM, TO B CO3/IAaHHOM C TIO-
Motibto WRITEPRN caiinie onn 6yyT mpeictaBieHbl B MHKEHEPHOM (hopMare.

WHorma TpebyeTcst He co3/1aTh HOBBIE TEKCTOBBIN (haiis, a JIuiib 106aBUTh HOBYIO WH(MOPMa-
uio K yske cymecrsyomiemy. B Mathcad 3agaun takoro poga MOKHO peliarh ¢ OMOLILIO
cynkiuu APPENDPRN(«file»), Tre file — ums daiina (mm myTh K HEMy), K KOTOPOMY HYKHO
ponmcath ceefenns. [1o ocobeHHocTsIM cBoero cuHTakcuca pynkinus APPENDPRN mosHoc-
TpI0 cooTBeTcTBYeT ynkimu WRITEPRN, moaToMy ocTaHaBIMBATLCS HA 9TOM BOIIPOCE MBI He
Gyzem. EcrecTBeHHBIM YCJIOBHEM MIPH 3alMCH 3HAYEHUH MATPUIIBI B KOHEI] HEKOTOPOTO TEK-
CTOBOTO (haiisia SIBJISETCS TO, YTO KOJMIECTBO MX CTOJOIOB OJIKHO COBITAATh.

16.7.2. KOMNOHEHTbI

Komnonenramu B Mathcad HasbiBatoTCst IPUIIOKEHUS UM OOBEKTHI U3 APYTUX MPHIOKE-
HUH, KOTOPbIE MOT'YT IIPUHUMATD HEIIOCPEACTBEHHOE ydacTre B paboTe CO3MaBAeMOrO BbIYKC-
JINTETBHOTO aJITOPUTMA. Y UUTHIBast III06AIBHOCTD PACIPOCTPAHEHHOCTH TAKUX CHCTEM, KaK
Excel nim MatLab, sBosmoxuocts Mathcad ocymectsasTs ¢ HUME cormacoBanmyio paboTy
MPOCTO HEOI[EHNMA, TAK KAK 9TO 3HAUMTEIBHO PACIIUPSIET TIOTEHIUA BCEX STUX TIPOTPAMM.
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Yr10o0Obl YCTAHOBUTD OAUH U3 KOMIIOHEHTOB, TIPEK/AE BCETO BbI OJIKHBI OTKPBITH CHEIUAIb-
Hoe auasnoroBoe okHo Component Wizard (Mactep kommonenToB). Crenath 3T0 MOXKHO € TIO-
Moo Komanael Component (Kommonent) menio Insert (BeraButs) nin, myurre, HaxxaB
OJTHOMMEHHYIO KHOIKY Ha taHesn Standard (Crangaprasie) (puc. 16.51).

Puc. 16.51. KHonka Component (KoMnoHeHT)

MBI OTpaHUYNMCST OCBETIEHNEM HanboJIee YacTo NCTIOIh3yeMoTo KoMmonenTa Microsoft Excel
u Mactepa uMIropra ganubix Data Import Wizard. HeoGxoaumyto nrdopMaiiiio o6 ocTaibHbIX
KOMIIOHEHTaX 3alHTEPECOBAHHBII YMTATEh CMOKET HAMTH B CIIPABOYHOI CHCTEME ITPOTrPaMMBI.

Excel

Ecau bl xopotio Biajgeere Excel, To BaM coBepiieHHO He 0053aTeIbHO OCBAMBATH MHOTHE
paszennl B Mathcad. K tomy ske, BOIIPOChI, CBsI3aHHbBIE CO CTATHCTUYECKOI 00pabOTKOIL JaH-
HbBIX, U BCEBO3MOKHbIE OM3HEC-3a/la4ll PEIIAIOTCS B HEM Topasao npoiie (U BO3MOKHOCTH
Excel B aTux obmacrsax ropaszo mupe). C apyroii croponsr, cucrema Mathcad obamaer we-
cpaBHUMO (oJiee BBICOKUM IIOTEHIIUATIOM B cdepe 06paboTKU 9KCIEePUMEHTAIbHBIX JaHHBIX
(MHTEPIOJALNY, PEFPECCUU U IKCTPATIOJISIIIUHN ), IOITOMY, AKe €CJIU PE3YJIbTAThl BALINX W3-
MepeHuii GbLIN 3alncanbl B BUJAE SJEKTPOHHOM TaOIUIbI, CTPOUTH UCXO/A M3 HUX rpaduku
W IarpaMMbl BCE JKe JIyullle B Hell.

Bbl MojkeTe o4eHb IpocTo npoussectu 06paboTky nanubix B Mathcad B Tom cayuae, ecoin
oHU coxpaneHs! B (hopmate Excel. JI71s1 3TOTO 10CTATOUHO TTPOCTO CKOTIMPOBATH UX 1 BCTa-
BUTB 3aTeM (C TIOMOIIBI0 KOMaH/ bl KOHTEKCTHOTO MeHIo Paste Table (BcraBurh Tabiiuiry))
B mycryio tabuuity BBoza. OfHAKO 11poBecTH 00PaTHYIO Onepaiuio (To ecTh JaHHbIe U3 MaT-
purtst Mathcad sxkcoptupoats B Excel), ncmosb3yst aHaTOTHIHBIN TOAXOJ, He TTOTYIUTCSI.
JLJ1s1 BBITIOSTHEHNUST 9TO 3a/1a4y CJEyeT 3a/1eicTBoBaTh Tabmuity Excel kak KOMITOHEHT TIpo-
rpammbr Mathcad.

Yro6er BeTaButh B goKymMenT Mathcad anextponnyio Tabmuiyy Excel, BeimonnnTe caenyio-
TITIIe OTIepaIiny.

Q 3amycrtute, 3a1eficTBOBAB COOTBETCTBYIONIYIO KOMAHIy MeHIo Insert (BceraBuTs) v KHOTI-
Ky manesu Standard (Cranmaptasie), okano Component Wizard (Mactep KOMIIOHEHTOB).

QO B cruicke MOsSIBUBIIETOCST OKHA BBiOepuTe cTpoKy Microsoft Excel n HaskmuTe kHOTKY Next
([lanee).

QO B orkpeiBuiemcst guanoroBom okue Excel Setup Wizard (Mactep ycranosku Excel) Bb
JIOJKHBI BHIOPATD OIMH 13 MMEIOTIINXCST TTAPAMETPOB B 3aBUCUMOCTHU OT THTIA PeIaeMoit
mpobaembr. Tak, ecin BaM TPeOYETCsT TIPOBECTH IKCITOPT KAKMX-TO JaHHbIX 13 Mathcad
B Excel ¢ menbio nx 06paboTku, T0 aktuBusupyiite mapamerp Create an empty Excel
worksheet (Cosmats mycroii qokyment Excel). Eciu ske Bb cobupaeTech UMIIOPTUPOBATH
B Mathcad mamnmbie u3 cymectByioniero Excel-gaiina, To ormersbre HacTpoiiky Create from
file (Cosmatp u3 aiina).

Q Jlioboit KOMIOHEHT MOKET GBITH BCTaBIeH B TokyMeHT Mathcad xak B cBoeM 0GBraHOM
Buzie (st Excel aTo 6yzmer Tabmuia), Tak n popMe MaTeHbKON KapTUHKN — 3HAUKa
(Icon). Hukakwx pasmmanit B paboTe ¢ KOMIIOHEHTOM B 9THX BYX (hopMax He CyIIeCTBY-
€T, TT09TOMY BBIGOP THTIA €TO BU/IA TOJUKEH OMPENETSTHCS BANTMMU MTPEAMTOITEHISIMI
n crieruKoi perraeMoit 3aaun (MCM0Jb30BaHNE 3HAYKOB TT03BOJISIET 3HAYNUTENBHO
9KOHOMHTb MeCTO Ha jioKymeHTe). [lo yMO9anuio KOMIIOHEHT BCTABJISIETCS] B CBOEM
ob6braHOM Brzie. UTOOBI PeACTaBUTH €ro B (hopMe 3HAUKa, 3a/efCTBYTE mapamerp
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Display as Icon (Orobpasuthb Kak 3Ha40K) JaraaoroBoro okxa Excel Setup Wizard (Macrep
ycraHoBku Excel).

Q Korma Bce Heobxoammbie HacTpoitku B okue Excel Setup Wizard (Mactep ycraHoBRM
Excel) 6ynyr cuenanbl, naskmure Next (Tasuee).

O C nomonibio mapamMeTpoB, HAXO/SIIUXCS Ha TTOSIBUBIIEICST BTOPOI BKJIA/IKE UAJTIOTOBOTO
okna Excel Setup Wizard (Macrep ycranosku Excel), Bbl 10J5KHBI OlIpee/inThb, U3 KaKOH
Aveiiku OyayT ynTaTbes (UM 3alMChIBATLCS) JaHHble u3 qokymenTa Excel. TIpakruuec-
KU 9TO CJIeyeT c/ieiath 13 1mepBoii (A1) siueiiku, Tak 4TO BHOCUTH KaKue-JInb0 H3MeHe-
HUA B IPUHATDHIE 110 YMOJTYAHUTO HaCTpOﬁKH BaM TIOYTU HaBEPHAKA HE ITPUIETCA.

O Haxwmute Finish (T'otoBo).

B pesysbTaTe ocyniecTBIeHNs OMMCAHHBIX BbIe AeficTBuil B okymente Mathcad nosisut-
s Tabamna, o4eHb oXoskas Ha 0ObraHyIo Tabsmiy Beoga (Input Table). Ecu BbI BeTaBsiim
mycroit muer Excel, To ona Gyaer comepikars oreparop npucBanBanust (15T TOTO YTOOBI BbI
MOTIJIN 3a71aTh eii UMs1 1 paboTaTh B AaIbHEHIIEM, KaK ¢ OOBIMHON MAaTPUILET) 1 MapKep, B KOTO-
POM BBI JIOJLKHBI TIPOITHCATH MMST MATPHITBI, TAHHBIE 13 KOTOPOI CIEYeT 3aHeCTN B TaOJHILY.

[TpounTas Marpuitly 3nadenuii Mathcad B tabmuiyy Excel, npoectu HeoOXoumbie pacueTbl
BbI MOJKETE, IBAK/bI IETKHYB Ha Heil JTeBoi KHONMKON Mbinw. IIpu aTom Bee paboune nane-
1 Mathcad 6yayT samenensr macTpymentamMu Excel, n HykHble IpeoOpaszoBaHuss MOKHO
OyzieT ciieiaTh TOUHO TaK Ke, KAk [IPU HEIIOCPEACTBEHHON 3arpy3Ke POrpaMMbl. BbIOIHUB
3aTeM MIETIOK MBIIIbI0 Ha pabodeil 061acTH, BbI BEDHETECh B HOPMAIbHBIN PEKIM.

Data Import Wizard (MacTtep umnopTa gaHHbIX)

O GyHKINIX, KOTOPHIE TPeHA3HAYeHbI IJIT UTEHUS TAHHBIX 13 TeKCTOBOTO (hatizia (READPRN
u READFILE), Mbi 10BOJIbHO OAPOGHO rOBOPUIIU B TIpebLayiieM paszee. Onnako B Mathcad
110206HYI0 paboTy MOKHO BBIIIOJHUTL 1 TOPa3A0 MPoIle, 0GPATUBIINCH K CIIEIUATLHOMY
Macrepy umiopra ganubix Data Import Wizard. Tax, nanipumep, 4to0bl IpoYUTaTh TAOIUILY
sHavenuit n3 PRN-daiisia B MaTpuILy, HyKHO CIeJIaTh CJAEYIOIee.

1. B oxne Component Wizard (Mactep KoMIoHeHTOB) BoIGpaTh cTpoky Data Import Wizard
(Mactep mvmopTa gannbIx) 1 HaKaTh Next ([lamee).

2. B mogsusmemMcsa anasoroBoM okHe File Options (Ilapametpsr daiira) ompenents THIT
guraemoro (aiisa. Cuenars 910 HykHO B ciincke File Format (Dopmat daiina). B namem
caTydae Hy;KHO BBIOpaTh myHKT Mathcad PRN.

3. 3amommuts cTpoky Enter the name of the file which will be associated with this component
(Beemute mMst (aiima, KOTOPHIH OyIET COEANHEH € ITHM KOMIIOHEHTOM). B Heil Hy:kHO
nporucath b0 ums (aiisa (ecjiu OH coXpaHeH B TOM ke Karasore, uto u Mathcad),
Jm6o 1y Th K HeMy (151 4ero yaoOHO UCIoJb30BaTh KHOIKY Browse (O630p)). Eciiu Bbl
XOTHUTE, YTOOBI BCTABJISIEMBIE KOMITOHEHT OTOOPA3WIICS B IOKYMEHTE B BHIE 3HAUKA, TO
ycrarnoBute daakok Display as Icon (OTo6pasnTh Kak 3HAUOK).

4. Haxarp Next. [Tpu aTom oTkpoeTcst nmuanoroBoe okHo Data Range (Psizipl 1annbix), B Ko-
TOPOM BaM GyZIET MTPEITTOKEHO BRIOPATH HEOOXOMMbIE JIJIST CYMTHIBAHUST CTPOKH U CTOJIO-
1161 (110 yMosrqaruio Beiopan myHKT All (Bee)).

5. Haxwmure Finish (CotoBo). ITocse atoro B gokyment Mathcad Gyzer Berasien koMio-
HEHT C He3aroJIHEHHBIM OTIEPATOPOM TpHcBanBanust. [[ponMeHoBaB KOMIIOHEHT, BbI 110-
JIYYUTE COBEPITEHHO OOBIYHYIO MATPHUILY, C KOTOPOH MOKHO Oy/IET TIPOBOUTH BCE JIOMY-
crumble B Mathcad nipeoGpaszoBarusi.

Kcrartu, ¢ momornipio Mactepa nmmopTa ganubix Data Import Wizard Ber MoskeTe cunThIBAThH

UHGOPMAITHIIO 13 3JEKTPOHHBIX TAaOJIHUIL, TIPIIEM JIESTAETCST ATO JIAKe JIETUe, YEM TIPH MCTIOIb-

30BaHMM KOMIoHeHTa Excel.



